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SUMMARY

An exact analytical one-dimensional solu-
tion of the temperature response of insulated
steel structures is derived and a closed form
solution is given for a structure exposed to
the ISO 834 standard curve.

Alternative approximate solutions are also
given where all the heat capacity is assumed
lumped in the steel core; only one third of the
insulation heat capacity is then considered.
It is also shown that approximate solution
schemes given elsewhere strongly underesti-
mate the temperature rise in structures pro-
tected with heavy insulation systems. In addi-
tion the theoretical background of a proposed
NORDTEST test method on how to obtain
the thermal properties of an insulation system
is outlined. Finally a numerical calculation
scheme is recommended.

INTRODUCTION

Temperature in an insulated steel structure,
as shown in Fig. 1, exposed to fire, may be
estimated by a one-dimensional analysis if the
exposure and the insulation are equal on all
exposed surfaces and the comer effects are
neglected. In addition, as the thermal diffusiv-
ity of steel is very high, the steel temperature
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Fig. 1. Insulated steel structure with a steel core vol-
ume A and a surrounding area F,
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may be assumed uniformly distributed which
substantially simplifies the analysis. Figure 2
shows the simplified thermal model to be
studied.

If the insulation heat capacity is small and
may be neglected, a simple well-known expo-
nential expression of the steel temperature
response may be derived. For the more gener-
al case approximatively similar solutions will
be suggested where the insulation heat capac-
ity is lumped and one third is added to the
steel core heat capacity. Furthermore it is
shown for the first time that the approxima-
tions may be improved by shifting the time
scale by a value depending on the ratio
between the heat capacities of the insulation
and the steel core,
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Fig. 2. One-dimensional heat conduction model.

Exact and approximative solutions will
then be given of the thermal response of steel
structures exposed to the standard fire
according to ISO 834, The theoretical basis is
also given for interpreting test results so that
the thermal resistance of insulation materials
and systems may be calculated and finally a
numerical scheme is recommended to be used
when the material properties vary with tem-
perature,

TEMPERATURE RESPONSE OF STEPWISE
CHANGE OF SURFACE TEMPERATURE

Consider the case shown in Fig. 2 and cal-
culate the temperature  as a function of
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time. {The solution of the problem may be
found in several textbooks, e.g., [1].) Assume
all material properties constant. A lumped
heat capacity @, is assumed at x = d. The
governing equation is

a0? a8 0 (1)
i ——— c. i —_— =
' 0x? iy
where A, is the thermal conductivity, ¢; specif-
ic thermal heat capacity, and p; density,
respectively, of the insulation material.

Assume the following boundary conditions.

A

f(x, 0y =0, fort=0 (2)

g8(0,6)=0 forx=0 3)

and

" 0.2 0 torx-d 4
W 37 or x (4)

where F is the section area.
Now assume the solution

6(x, 1)/0, = ZK,, exp(—f, ) sin{a, x) (5)
Equations (1) and (3 - 5) give
8(x, £)/8, = LK, exp(—acw,?t) sin(e,x) (6)

where a = A;fc;p;. The eigenvalues o, are
obtained from the following equation which
is derived from eqn. (4).

(and)/cot{,d) = u (1)

where y = Fde,p; /@, = @;/Q,. The coefficients
K, are obtained from the initial condition
8, =6 for t = 0. Thus the temperature 8,(¢)
atx=dis

o 2
_(@nd) t] sin{c,d)

K, exp
1

(8a)

where [1]
o 2[(ed)? + ]

(ctad) [(nd)? + i + ]
and the thermal resistance R = df};. (Note
that when g — 0, the first eigenvalue o, d =
Vi and «,d = nw for n = 2, Thus 8,(£)/0,
exp(—tF/R@,) which may be derived directly

if Q, is neglected in the analysis.)
Equation (8) may be approximated as

(8b)

n

6.(£)/0,=0 fort< i (9a)

8.(£)/0, = exp[~ t—:—] fort > 1 (9b)
where
7T=R(Q, + &/3)/F (9c)

By comparison with the exact solution the
time shift f is estimated as

f=ur/8 (9d)

In Fig. 3 the value of 8.6, has been
plotted as a function of the non-dimensional
group t/r for a few values of . As an example
it is shown that the approximate solution,
according to eqgns. {9a) and (9b), and the
exact solution nearly coincide for 4 = 0.41.
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Fig. 3. A comparison of the exact and approximate
solutions of the stepfunction 8 /8, versus dimension-
less time ¢/7 for various i, where ¢ is time, 7= (&g +
Qi/3)/(NF) and U = @Q;/Q;, respectively.

According to eqn. (9¢) one third of the
insulation heat capacity @, is added to the
steel core, In an approximation formula, not
including the time shift £, Lie [2] suggests
that a slightly different portion, 0.3 @;,
should be added to the heat capacity of the
core,

ANALYTICAL SOLUTION OF FIRE EXPOSED
INSULATED STEEL STRUCTURE

If one-dimensional conditions are assumed
and the thermal properties are constant, the



temperature rise of a fire exposed insulated
steel structure may be obtained by superposi-
tion (Duhamel’s theorem [11]). Thus the steel
temperature is obtained as

Tyt = [ T(t - §)P'(§)dk (10)
Q

where T is the imposed fire curve and the
response function ® = (1 —8,/6,): 85/00 is
given by eqn. (8) or (9).

If the ISO 834 standard fire curve is
approximated by a sum of exponential terms
(3] as

3
T= ¥ B; exp(—Bit) (11)

F=0

where B; and f3; are as given in Table 1, then
the steel temperature is obtained from eqn.
{10) as

= 3 B;K, sin(a,d)

T, = ! .

El ,Eu ll _ BjQiR/F]
(ad)?

X

2
exp(—B;t) — exp }(:(Si)F tH (12)

where «,, and K, are given by eqns. (7) and
(8b), respectively. A similar expression of the
exact solution of the steel temperature has
been derived by Lie [2], who used a different
approximation formula of the ISO standard
fire curve,

If instead the approximate solution
according to eqns. (9a) and (9b) is substi-
tuted, the following expression is obtained for
t>t.

B e
To= 2 gy (expl—B(t —0)]

— exp[—(t —)/r]} (13)
TABLE 1

Constants in the exponential expression of the ISO
834 standard curve

i 0 1 2 3
B (°C) 1325 —430 —270 —625
B (h~h 0 0.2 1.7 19
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Fig. 4. Example of calculated temperature versus time
of an insulated steel structure exposed to fire accord-
ing to ISO 834. The exact solution is plotted for com-
parison with various approximative solutions. Input
values representing a length of one meter of the struc-
ture: @, = 14000 Ws K~L. @; = 15000 Ws K~ ! and
MNFid =5 WK™,

where 7 and £ are given by egns. (9¢) and
(9d), respectively.

An example of calculated temperature of
an insulated steel structure exposed to fire
according to ISO 834 is shown in Fig. 4. The
exact solution, eqn. (12), as well as the
approximate solution according to eqn. (13)
are plotted in full line. The differences
between them are not noticeable in the
chosen scale. However, when employing the
approximative numerical calculation proce-
dure as recommended in refs, 4 and 5, a much
lower temperature is predicted as indicated by
the dotted line. A warning must therefore be
expressed for using that calculation formula
for design purposes. A third graph is also
plotted in Fig. 4 showing the steel tempera-
ture obtained if the influence of the time shift
f is neglected.

In most cases the change of material
properties at elevated temperature must be
considered. Then a numerical scheme based
on the difference form of eqn. (13) may be
employed. However, as that expression con-
tains the time shiff £, an alternative formula is
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suggested. By assuming the response function
according to eqn. {9b) valid for the entire
interval ¢ > 0 and setting ¥ = uv/10, an alter-
native slightly less accurate closed form solu-
tion for constant material properties may be
derived as:

exp{—u/10})

T lexp(—5it)

3
Ts = Z Bi%
i=0
—exp(—t/r] — exp(—fit)

X [exp(—uf10) — 1] (14)

As seen in Fig. 4 this equation gives quite
accurate femperatures although negative
values are obtained at short exposure times.

TIME DERIVATIVE OF THE STEEL TEMPERA-
TURE

The time derivative of the steel tempera-
ture is obtained from eqn. (10).

If the approximate response function
according to eqn. (9) is used, the following
very simple expression is obtained.

dT,
dt fe=,

=.}[T(f—a—n<t—fn (15)

CALCULATION OF THERMAL RESISTANCE R

The thermal resistance K may be obtained
from fire tests where furnace and steel tem-
perature are recorded. Equation (1) may
then be employed but as the time shift 7 is
dependent on R, the time derivative corre-
sponding to eqn. (14) is recommended for
this purpose:

1/R = CiT“+[ /10y —1 T AlF
I exp(u/10) ]E( {F)esps

(16)
(1 +p/3)(T—T)

Here A is the steel core volume. When
appropriate, the thermal conductivity of the
insulation material may be obtained as )\, =
d/R. The thermal resistance R or alternatively
the thermal conductivity N\, may then be cal-
culated explicitly and given as a function of

the average insulation temperature T, =
(T + T,)/2.

A comprehensive study of various insula-
tion systems has been reported by Andersen &
and Wickstrom [6] where the thermal proper-
ties were estimated on basis of eqn. (16). A
formalized testing method is underway from
NORDTEST*,

NUMERICAL CALCULATIONS

B G

For non-linear cases when the material
properties vary with temperature numerical
calculations are required. Based on the same
approximation as eqn. (14) the following
approximative temperature time derivative is
derived,

dT
AT At = (T — T,)/m — [exp(/10) — 1] ar
(17)

To ascertain numerical stability of this
forward difference or explicit time integration
scheme the time increment must be chosen so
that Af <1 = (A/F)epl + 1/3)/A;. However,
to obtain reasonable accuracy Af should not
in addition exceed 60 s,
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LIST OF SYMBOLS

steel core volume (m?)
thermal diffusivity (m?s™')
heat capacity (Ws kg ' K1) }
length (m) :
section area (m?)

‘heat capacity (Ws K™1)

thermal resistance {(m? K W™1)

time (s, h)

length coordinate (m)
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*NORDTEST is a joint Nordic body with the
function of promoting development in the field of
technical testing,



Greek letters

«, constant (m™!)

K, constant (—)

A heat conductivity (Wm ™' K1)
g  temperature (K)

p  density (kg m™3)

T see equation (9c) (s)
B Qe (M)
Subscripts

i insulation

s  steel
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