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1 Introduction

1.1 The SDM model

The Kanerva Sparse Distributed Memory (SDM) is a memory with a set of
M locations of U-dimensional vectors of integers. The memory is addressed
within a binary address space of dimension N, where M < 2V,

A picture of the general structure is given in figure 1. For relevant
literature on SDM cf. [3], [4], [5], [2], [7], [1]-

When a U-dimensional binary vector W is stored “at” an address X an
activation mechanism activates a set of the locations and W is added to the
contents of these after first transforming 0:s to —1:s.

In the original SDM model every location was given a binary address
and those locations that had a sufficiently small Hamming distance to X
were activated. In the Jaeckel/Karlsson model each location m is given a
set mask(m) of K coordinates, i.e. a set of indices ranging from 1 to N.
To each of those indices is associated either 0 or 1. If, for a given location,
the associated values in this “mask” coincides with the values of the corre-
sponding mask for X then the location is activated. In general an activation
mechanism should have the robustness property that two addresses, with
small Hamming distances from each other, should activate roughly the same
set of locations.

When we want to read the memory at an address X, the same activation
mechanism as when storing is at work. In the original SDM model the sum of
the activated locations was thresholded for each index, or position as we will
call it in this paper, at 0; i.e if a value was smaller than 0 it was transformed to
0 and otherwise to 1. This reading procedure can be considerably improved,
as is demonstrated in Sjédin [1]. The involved methods are independent of
the activation mechanism.

A major concern of this paper is the problem of converging. That is,
if we read at an address X which is close to an address X, at which we
have stored a datum, we would like to move X towards the unknown Xg
in order to get a better reading. This could be done with any of the above
activation mechanisms but with the Karlsson/Jaeckel we are at an advantage
to construct an efficient procedure. In the sequel, we will assume that one of
this models are used.
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1.2 Notations

The notations follow closely those of [1].

An address is a binary vector of 0:s and 1:s. Its indices are
called coordinates.

A datum is a vector of -1:s and 1:s. Its indices are called positions.
A mask is a subset of the coordinates in the address vectors.

A location, in other papers usually called hard location, is a storage vector
- for data.

We also use the generic notations

Zx = a stochastic variable with typical outcome zz
a < b
means that loga ~ logb
ie.a=e*b=¢’

o
where lim— =1
B

when some variable tends to co

1.2.1 Variables and parameters

the number of locations

the length of an address

the length of a datum

= the number of data stored in the memory

= %} , i.e. the “load” of the memory

= the number of chosen coordinates in a mask

N oy N2
Il

~—

mask(m the coordinates used in the mask belonging to m

the probability that an arbitrary location is activated

A~

in a read/write operation.
Usually we will assume that the activation mechanism
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is such that

p=(2AM?)"5

(cf. e.g. [4] and [6])

In particular, in the Jaeckel/Karlsson model,

we will have

27K = p= (2AM?)3 (1)
the address used at “time t,”

the address close to X at which we read the memory

the locations activated by X

the number of locations in H

This is actually a fixed size parameter in the Karlsson model
the locations activated by both X and X

the number of locations in h

the, by methods in [1], estimated value of h

1.2.2 The parameter values for cerebellum

Recall that in the SDM-interpretation of the cerebellum

M = the number of locations = 1

010—11

number of granule cells

N = the length of an address = 3 - 107

number of mossy fibers
MO.699 _ M0.707

U = the length of a datum = 10° or 1.5 - 107

number of Purkinje cells

MO8 — MO or MO™ — MO respectively



2 Good reading and convergence

For the “good” reading the procedure is:
1 Use the address to activate the locations H.
2 Find the locations h as in 6 in Sj6din [1].

3 Use only these locations to read the data
with some method from 2 in [1].

The general procedure for convergence towards the correct address is:
1 Use the address to activate the locations H.
2 Find the locations h as in as in 6 in [1].

3 If the “stopping criterion” (cf. section 2.1) is satisfied, use h to read the
data with some method from 2 in [1]. Otherwise continue to 4.

4 Use the locations in h to find a better address (cf. section 2.2) to read
from and go back to 1. with this address.

2.1 The stopping criterion

In the Jaeckel/Karlsson model we may use the stopping criterion

However, in the Jaeckel model, hg = h = H, may be satisfied although we
have not reached the correct address. With the Karlsson activation method,
the number of activated locations is always the same, and thus we do not
have this problem.

2.2 How to improve the address

In the basic, Hamming distance activation model we may take the addresses,
corresponding to the h-locations, to construct an “average address” by ma-
jority vote for each coordinate in an address. This turns out to work if A
is very big and the activation probability is small. Then the constructed
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address will end up between the used and the correct address. This requires
a very big number of locations to work properly.

Instead we will concentrate on the Jaeckel/Karlsson model. In this case
we can say that the bit-values in the selected coordinates corresponding to a
location in h are definitely correct. On the other hand the activated non-h-
locations give sets of coordinates containing at least one coordinate with an
incorrect bit in the given address. Using this, it is possible to improve our
address. If the memory is big the number of activated locations for a reading
will be big and so will the number of h-locations. It may then be possible to
directly change all the bits in the coordinates of the address not contained in
the union of coordinates corresponding to the h-locations. If there is an error
in the calculation of the h-locations this will impair the performance of the
algorithm but not destroy it.

Below, we will describe these principles in more detail.

2.3 Masking out the faulty part of the address
In the following, for a set of locations A C [1, M], let

coord(A) = UAmask(m) C [1,N]

Now, assume that
m € H-h

Then at least one of the coordinates in mask(m) must have different bit-
values in X and X™. In particular, if only one of the coordinates of mask(m)
is outside coord(h) then that coordinate has different bit-values in X and
X', How to best utilize the information, in order to move closer to X% from
X is an interesting issue; it does depend on the parameters of the memory
and the size of h.

We will now describe a method that works for big memories.

2.3.1 The radical method

Let d be the Hamming distance between X and X%®. Let x be the number
of coordinates not in coord(h) but for which X and X* have the same bit-
values. Or, in other words, & is the number of misses of the bits, in the part
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of the addresses that coincide. Then, if x < d, flipping all the X-bits with
coordinates in

[1, N] — coord(h)

will bring X closer to X™. Of course, we will not know whether the inequality
is satisfied or not. However, as we will see, given hg it is possible to state
this with a certain confidence.

One should really only flip the relevant bits with coordinates in coord(H).
However, in the Karlsson design the set coord(H) is independent of X and
thus only this set is relevant anyway. In fact, it may be arranged that this
constant set equals [1, V].

Let us make this a little more precise. Let € = T‘ff’ i.e. the proportional
error in the address. Now, replace the expected number of common locations
h, given H=H , by h. Then we get the following rough estimate (cf. equation
37 in [1])

h ~ H-.eXe (3)
and hence
1 H

N~ Eloe 2 4
s~ log (4)
Given h = h we get that the expected value of « is

K

ko= (N-d)(l-5—) (5)

~ (N —d)e v-a (6)

and hence x < d is roughly transformed to

KH
N (M)

when d > 0. The stopping criterion handles the case d = 0. Solving (7) for
h, by using the relation in (4), and then replacing h by hg we get a criterion

(1—¢) log(é —1)efe

constl < hg < const2 (8)

for when to assume that x < d and thus when to use the “radical” flipping
method. It is also easy to see that if M is big the right-hand restriction may
be removed, i.e. const2 = H.
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2.3.2 Some estimates

Let a fixed € and a fixed K be given. Then when increasing M, H =< M and
the largest IV satisfying (7) will also be of size < M. On the other hand,
using the usual formula (1) for optimal activation probability we get
1

K = 3 log, (2AM?) (9)
and this gives that the maximal NV is of order M 50-%¢2). In the cerebellum,
interpreted as an SDM (cf. section 1.2.2), the memory is not fully connected,
the K:s are small and N = M™7. The investigation of how the convergence
method and other methods in this paper and in Sjédin [1] should be made
to work for the “thin” SDM-structure of cerebellum is an interesting issue.
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3 New operations on the memory

3.1 Avoiding multiple storings

When storing:

We can figure out whether we are “intruding” upon another storage area by
calculating the “hg” as in Sjodin [1]. Set limits “lim1” and “lim2” and
proceed as follows:

If, case 1:

hg < liml

then store in the usual way.
If, case 2:

liml < hg <lim2

then change the address and store in this new address (possibly recursively).
The change of address is according to some sequence of of “robust” methods,
moving it far away, as e.g. flipping all the bits.

If, case 3:

then don’t store or issue a warning or do something else as e.g. erase the old
value, partly or completely (cf. section 3.2), and store the new value.

When reading:

If, case A
hg << lim2

then change the address and read again. If (iteratively) no big hg can be
found, then probably nothing is stored.

If, case B

hQ >> lim2
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Then, read in the ordinary way

If, case C
hg =~ lim2

then there are two options to try.

This can of course be done recursively and also result in a number of
choices for the read data. These procedures spreads the stored data and
thus gives the memory better storing capacity. It furthermore gets rid of the
problems with multiply stored data (cf. section 5 in [1]).

3.2 (Partially) erasing a stored value

Given a set of locations A C [1, M], we may use these to read the memory
to obtain a datum W and then “erase” this by adding —W to the data in
in the A-locations. Note that we do not set the values at these locations to
zero. Using this with A = h, we may partially erase W when reading at the
address X. If we read at the correct address, possibly after converging to it
(cf. section 2), W will be completely erased.

3.3 SDM as a short term memory

Use as addresses a cyclic counter of time. When a new value is to be stored,
we erase the old one as above and store the new one. If for some reason
the erasing starts failing (e.g. since we calculate the hg-locations badly) the
memory becomes senile.

3.4 Spurious states

In the ordinary iterative reading of addresses stored in addresses, one may
end up in spurious states. These are somewhat mysterious, but if the hg-
value is small, one may conclude that

“we don’t know - this is a spurious state”.

One reason for a state to be a spurious state could be that it is a dou-
ble/multiple reading. If this is the case it could be possible to sort out the
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different addresses by the methods described in this paper (cf. section 5 in

[1])-
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