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1 Introduction

1.1 The SDM model

The Kanerva Sparse Distributed Memory (SDM) is a memory with a set of
M locations of U-dimensional vectors of integers. The memory is addressed
within a binary address space of dimension N, where M < 2V,

A picture of the general structure is given in figure 1. In 1.2 a list of
commonly used notations is given. It should serve as a general reference
when reading this paper. For relevant literature on SDM cf. [4],[5], [6], [7],
8], [10].

When a U-dimensional binary vector W is stored “at” an address X
a mechanism activates a set of memory-locations and W is added to the
contents of these after first transforming 0:s to —1:s.

In the original SDM model every location was given a binary address
and those locations that had a sufficiently small Hamming distance to X
were activated. In the Jaeckel/Karlsson model each location m is given a set
mask(m) of K coordinates, i.e. a set of indices ranging from 1 to N. To each
of those indices is associated either 0 or 1. If, for a given location, the asso-
ciated values in this “mask” coincides with the values of the corresponding
mask for X then the location is activated. In general an activation mech-
anism should have the robustness property that two addresses, with small
Hamming distances from each other, should activate roughly the same set of
locations.

When we want to read the memory at an address X, the same activation
mechanism as when storing is at work. In the original SDM model the sum of
the activated locations was thresholded for each index, or position as we will
call it in this paper, at 0; i.e if a value was smaller than 0 it was transformed
to 0 and otherwise to 1. As we will show in this paper, this reading procedure
can be considerably improved. The involved methods are independent of the
activation mechanism.

If we read at an address X which is close to an address X, at which we
have stored a datum, we would like to move X towards the unknown X, in
order to get a better reading. This problem is addressed in Sjédin (3].
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1.2 Notations

Following [5] we will use the following notations and definitions.

An address is a binary vector of 0:s and 1:s. Its indices are
called coordinates.

A datum is a vector of —1:s and 1:s. Its indices are called positions.
A mask is a subset of the coordinates in the address vectors.

A location, in other papers usually called hard location, is a storage vector
for data.

1.2.1 Generic notations

a < b
means that loga ~ logh

ie.a=e*b=¢’

o
where lim— =1
B

when some variable tends to oo

ZZ = a stochastic variable with typical outcome zz
pY = the i:th central moment of the stochastic variable V'
1 Z : :
T = i >~ v, for a vector (v1,...,vy) , with U as in (1.2.2)
1
r(a,n) = “the number of 1:sin a”, i.e. given

that a is obtained by adding n +1:s or —1:s, the number

of times +1 has been used
a+mn

2
H(C) = the locations activated by the address C

h(C,D) = H(C) ﬂH(D)
= the locations activated
by both of the addresses C' and D
A variable V is said to be an (a, b, p) Bernoulli variable
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if V' is a stochastic variable with P(V =a)=1-p (= q),
P(V =b) = p. The variable V — EV is then said to
be a centered (a, b, p) Bernoulli variable

1.2.2 Size parameters

the number of locations
the length of an address
= the length of a datum

N oz R

= the number of chosen coordinates in a mask

1.2.3 Data always directly available in the memory

T = the number of data stored in the memory

T
W = > W', with W* as in (1.2.6)
t=1
Cmw = the contents of the memory in position u in location m

the number of times location m has been used
for storing a datum, i.e. the number of t:s such that
Xt cf. (1.2.6), has activated location m

1.2.4 Data always directly computable, or easily estimated, from
the memory

Tmu T(Cm,uy a’m) =
the number of ones stored in position u

in location m

p, = the probability that a stored value in position uis 1
Gu = 1—py
v, = 2p,— 1= the mean value of a stored value in position u

8



1.2.5

1.2.6

= Cm,u - QmVy

= the centered contents of the memory in position u

in location m

T
= — ,i.e. the “load” of the memory

M

= the probability that an arbitrary location is activated

in a read/write operation.

Usually we will assume that the activation mechanism
is such that

p=(2AM?)3

(cf. e.g. [6] and [8])

In particular, in the Jaeckel/Karlsson model,

we will have
97K = p = (2AM?)3

Data directly available when reading the memory

the address at which we read the memory

H(X)

(P, o)

the locations activated by X

the number of locations in ‘H

This is actually a fixed size parameter in the Karlsson model

Hidden quantities

= the transformed word stored at time “t”, 0 <t < T,
i.e. a member of {—1,1}Y

= the address used when storing W*,
i.e. a member of {0,1}"

= the number of t:s # ¢y (cf. section 1.2.7) such that
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X" has activated location m
Y™ = the i:th storing in location m not using X
ym = ymb 4 4 Y™n) the “noise” in location m
Y = Y(’;“) + ..+ Y(T;‘H), i.e. the total “noise”
when reading at X

1.2.7 Hidden quantities that are calculated/estimated when read-
ing the memory

W = Wm for some t;, thus stored at the address X%

k the total number of “local” storages
we retrieve when reading at X
= ar;h + ...+ a;nH
h = h(X,X%)
(ma,...,mp)
the locations activated
by both X and X ; a subset of H
h = the number of locations in h
hg = an estimate of h
ki = am,
c; = bm,

S = Cmyx+ ...+ Cpypx le. the vector sum
of the values in the locations activated by X
S = Coyw+ .-+ Crmpn
¢ = the total number of “local” noise storages
we retrieve when reading at X
= be +...+ bﬁm

my
the, by some method, estimated value of W

N
|

d = the Hamming distance between X and X'

10



1.2.8 The parameter values for cerebellum

Recall that in the SDM-interpretation of the cerebellum

M

N

I

I

the number of locations = 101! (2)
number of granule cells

the length of an address = 3 - 107

number of mossy fibers

20699 _ 0-707

the length of a datum = 10° or 1.5 - 107 (3)
number of Purkinje cells

MO8 — ppO55 or MO — MO respectively

11



1.3 Disclaimer

In this paper there are a lot of calculations. There is absolutely no claim
that these are the actual calculations in the cerebellum. However, the point
to be made is that the information is there and can be used. The reason that
the information is used by employing the formulas in the sequel, is that they
are mathematically simple to handle. However, nature does not have to be
analytically nice, it could e.g. replace

> (X —a:)?
by

Do 1Xi—ai

which in principle contains the same information but is analytically horrible.
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2 Reading the memory

Suppose that we read the memory at an address X close to an address
X', where a datum W has been stored. We will then activate, by some
mechanism, a certain number of locations. Let, cf. section 1.2, S be the
vector sum of the data in the activated locations. Note that we will know
the total number, & (cf. section 1.2), of local storages and that

S = WMWW+Y
k = h+ec

In this section, we will assume that h and hence c are known. Note that they
are known if we read at the correct address, i.e. X = X%. As will be shown
in the sequel, cf. section 3, h and ¢ can be estimated, with arbitrarily small
risk of getting an incorrect value, if we utilize local information.

2.1 Calculating Z using thresholds for S

In the basic models of SDM, the vector Z is calculated by thresholding at 0,
Le.

Z, = 0,if5,<0
Z, = 1,ifS5,>0

This is based on the assumption that, for each position, “1” and “-1” have
equal probablity when storing a datum and thus also when reading a datum.
This is usually not so. If one were to know the real probability, it would
be possible to analyze the situation. However, even if the probability of a
“1” is 5, the actual outcome (i.e. the proportion of 1:s) will differ in each
position and it is possible to get better results even in this situation by
conditioning the reading on the actual outcome of the proportions of 1 : s
in each datum-position. Furthermore, these proportions usually vary from
position to position and as a rule it is very hard to say anything about them
on beforehand.

Now, given the T storings, and the reading at X, we may approximate
the situation by assuming that W and the Y(mii:is | ¢f. section 1.2, are
independent and identically distributed random vectors (in particular we
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assume that they all come from different occasions of storing).
We have

EWu = 2py—1=1,
ES, = k(2p, — 1) =k,

By having an extra location, in which every W is stored, and keeping track
of the number of stored data, we may estimate p, by
Wy

2p, —1 = T (4)

2.1.1 On the possibilities of approximating the probabilities

Another, maybe more exact way of estimating the p,:s is by putting

M
o~ 1 Crmn
2y —1 = EWu:Z_m.N:[_l__."J_».. (5)

m=1m
Note that, in the Karlsson model, (4) and (5) are equivalent.
Anyway, the practical thing to do is to calculate

T = the number of data stored in the memory (6)
and for each location store
a,, = the number of times something has been stored in location m  (7)

It is convenient (cf. figure 1) to have a special memory location in which
each datum is stored (i.e. it is activated by every storage). This location
would then hold W after T storings. Furthermore, we extend each location
with a extra position. When storing, the value of the corresponding position
in the datum position is always set to 1, i.e. the value of the position in each
activated location is incremented by 1. Thus a location m will hold a,, in
this extra position. As a matter of fact, and as will be clear by the tech-
niques used in this paper, it would be sufficient, cf. section 3.2, just to have
knowledge about T to estimate the p,:s, an:s etc. In fact, as is demonstrated
in [9], even T may be calculated from the memory without the extra location
and the extra position. Thus, no new information is added by using these;
it is just a practical way of obtaining the figures we need.
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We really only need the value of the v,:s, and the exact values are not
terribly important. Thus, an alternative, which maybe is more biologically
satisfying, would be to learn these averages in an initial phase and then keep
the same values for the rest of our life-time (it is harder to learn new things
when you get older).

2.2 The optimal threshold for S using knowledge of
p and h

K,

Let us concentrate on a fixed position “u” and drop the subscript. Let
p=EY = cp-q)

c=0) = 2/cpq

and let

0 = W

be regarded as a constant parameter determining the distribution of S. The

optimal method for reading a “1/-1” given S = S and h is obtained from the
Bayesian criterion for choosing 1

P@=1)PS=S|6=1)

>
P@=-1)P(S=S|6=-1)
p.P.(h +¥V=58) > ¢P(-h+7Y =S5) (8)

Using the normal approximation of the involved binomial
distributions, (8) is transformed into

pem 3T > e HELEY (9)
or
S > /L—I—-g—;;logg (10)
= c(p- Q)+—f~ % (11)
e(1 + 22y, (12)
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where g(p) is the continuous extension to 0, %, 1 from the formula

2pq q
glp) = log = 13
(p) 7% (13)

It is not hard to establish that
-1<g(p) <0

and that it is symmetric around % and is decreasing between 0 and %
Furthermore,

9(0) = ¢(1) =0, 9(5) =-1

Thus, the optimal threshold, replacing “0”, is given in (11). Note that this
value is obtained by normal approximation and that the correct solution of
(8) is

p(r_c_ h)pr‘hqc‘”” > q(j)prqc”r (14)

where (cf. 1.2.1)

r = 1(Sk)= (15)
S ;_ k , 1.e. the “number of 1:s” in S (16)

The inequality (14) may be written

(g)h_l (c=r+h)...(c—r+1)

P - r...(r—h+1) (17)

and implicitly contains the correct optimal threshold for S. However, for big
memories the solution (11) is to be preferred for its simplicity.

2.3 Optimal reading using the local information a,

Consider the commonly activated locations (cf. 1.2.7)
h = (m,...,mp) (18)
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and note that

¢; = bmj:amj—l

How these locations are to be found will be demonstrated in section 6. Denote
the stored value in position « in location m;, by

= g4+Ym 4 L ymig)
6+ ym)

As usual, when regarded as a stochastic variable, we will denote it by §j.
Put

5, = s;—cv
Note that

ES;
A5) = ol=cl-1Y)

2.3.1 Using normal approximations and maximum likelihood
The basic reading works as follows. Estimate 6 by the stochastic variable

S1+...+ 5

O = 3
Here
E©;, = 6
o(O) = 5iﬁjiﬁ
so that
signal 62h?

( )*
Thus o2 will not improve this ratio if

(h —1)2 h?
2 2 Z = 2
o+ ...+ 0L oi+...+o0}

noise ol +...+ o}

17



i.e. if o, or in other words, ¢, is big. Thus, in this model it would pay
to dump “overloaded” locations. However, every non-empty location does
contain some information so it should be possible to use it to our advantage.
In particular, it should be possible to get an estimate of § with smaller
variance. Consider the normal approximation frequency function of 3;
t=8\2

1 35D
o;V2m
The maximum likelihood method gives the following equation
5.—0 N sp—0

0'% 0_}21

(%10

0

and hence the following estimate of 9

—%+...+§%
U% Y 0”27’
51 i
;}-%—...-l—zf:——hz/ (20)
Ly . +1
C1 Ch

Note that this formula requires the c;:s to be positive. However, if one of
them is zero then we know for sure what the correct value of 8 is. The same
formula is obtained by minimizing the variance of

Ollg +...+ O{hgz
under the the constraint

a1 +...+aoy 1
o > 0

cf. [10]. From (20) we get the decision rule

i+ > (21)
1 Cp ’

for choosing 8 = 1. We have
Eo, = 0
0’2(@2) =

18



so that

signal 1 1
( g_ 2 = 92(—2+...+"2*)
noise 0% o

2.3.2 Bayesian approach on normal approximations

The formulas above do not take into account the a priori probabilities. Still
using normal approximation, we get the following Bayesian test for choosing

h g;—1 h 8541
1 —Ll(iioy2 1 LUty
e 7; > e 2 a;

lel ojV2eT o ql;I oV 2T
which reduces to

h —~

S .

YL > Zlog-=

1 95
or

b q
> =L > hv+2pglog= (22)

1 G D

If all the ¢;:s are equal, and we read at the correct address, this formula
reduces to (11).

2.3.3 Refraining from normal approximations

Consider the case with

h 3

k; 5,1<5<L3
1

P=7

S1 = -5

Sg = S§=23

Then obviously
6 = -1

19



but (22) gives the opposite answer.

Let
4k
. :T@$ﬂ:i%J@iLm)
k (k1 ..., kn)
7 (1, yTh)

The correct Bayesian test for choosing § =1 is

PO=1)PF=rk=Fkh=h|0=1)
>
Pl =-1)PF=7k=kh=h|0=-1)
1.e.
pPGF=7|k=Fkh=h0=1)
Pk=Fh=h|0=1)
>
gPGF=7|k=kh=h0=1)
Pk=Fh=h|0=-1)
ie.

Now, assume that
0 <r;j< kjfor1<j<h

then (23) is transformed into

h h
p[[ P(r; — 1 ones in Y™)) > ¢J] P(r; ones in ymi))
1 1

20
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1.e.

h C; h C;
P H 7 ij~quj—Tj+l Z q H J ij ch~’r‘j
A\ =1 1 \Tj

or
h h
Ik +s5) = "Ik —s9)
1 1

This test is correct even if for some j

r; = 0,ie. s;=—k; and hence § = —1

r; = kj, ie s;=k;and hence § =1

The test can be transformed to the numerically more tractable

pIIIq(lJr%) > qlz[p( —%) (25)

If none of the factors are zero we may rewrite this as

h 2s; p
log(1+—2—) > (h—1)log=
21: kj — s q

2.4 Probability for making safe decisions
2.4.1 In a position

Note that if

Sj = kj
or —]Cj

for some j then necessarily

0 =1
or —1
respectively.

21



If this happens, we will say that we can use logic in location m; (and position
u). If we can use logic in some location m;, then we simply say that we can
use logic (in position u).

Let
L; = the event that we can use logic in m;
the event that we can use logic in some location
p = the probability for a storage to activate a given location
Note that in the Karlsson model, this is the exact proportion of
the memory that is activated. In both the Jaeckel and
Karlsson models p = 27X
T = pT

Thus ¢; is approximately Poisson-distributed with parameter 7 so that

T

PG=c) ~ —e

g
D
=
I
N
2

00 c;
T
C; -7
€
>
0 J*

= e e’

e T4

and similarly
P(L;|0=-1) ~ e ?
Thus

P(L;) = pe™+qge?

z
2

which has a minimum e~? at p =1

P(L) = 1-(1-P(L))

which for p = % gives the approximate minimum
P(L) = 1- e7he ®

22



2.4.2 In all positions

If k; =1 for some j, we can use logic in all positions. On the other hand, if
there is no such 7, the probability of being able to use logic in all positions
becomes negligible for a big U. Thus we will content ourselves with calculating
the probability of the existence of such a j.
Note that
H = pM
and in fact, the right hand side is the expected value of H and in the case of
the Karlsson model H = pM. We have
P(kj=1) = P(&G=0)

= (1-p7
~ e T
Thus the probability, for a big U, of not being able to use logic in all positions
is approximately given by

Puok;=1) = Pky,...,kn > 1)

= 1-Q1-phH°
~ emhe™”
— e—-he"APM
~ e (equality in the Karlsson model)
Let
h
_ b 26
¢ = o (20
= F{h— in the Karlsson model (27)

Using the usual formula for optimal activating probability (cf. (1)) we get
P(IlO E — 1) ~ e—CpMe—ApM

—((2A)'%M%e‘2—%’\%‘”%

~oe
which for fixed ¢ and ) goes to 1 when M goes to infinity. As an example,
with M =105, = 1,{ =1 (which happens in the Karlsson model
if we use the correct address) , we get

P(no k; = 1) = 0.996
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3 The estimate hg of h

It is now high time to demonstrate how we can estimate A and c.
We have

ES, = ku,

0-2(§u) = hzaz(Wu) + UQ(Yu(T;ll,l)) +...+ 0'2( u(mH’CT"H))
= (hZ + C)4PUQU =
(R* +c)(1 =)

Let for a vector

V = W,.... W) (28)
1 u

Gy (V) = —ZV% (29)
UA

Now, put

S = S-ES (30)

ie. S, = S,—ku, (31)

and let

Gy = G(S)

then according to the above

EG, = (BR+0%xV(1-12)

so that
h+c¢c = k
R 4+c = £%
1—v2

24



so that

1 1 G,
ho = - - :
Q 2+\/4+1—1/2 k (32)

or 0 if the right-hand side is not real

is an estimate of h. The expression in the right hand side in (32) is a concave
function of G, (disregarding the effect of non-real — 0).

The Jensen inequality says that if J is an integrable function on a mea-
sure space with total measure 1 (i.e. exactly when J may be regarded as a
stochastic variable) then if

f:R— R

is a concave function (it is usually formulated for convex functions)

iz [ 1)

f(EJ) 2 E(f(J))

Thus, the right hand side of (32), regarded as a stochastic variable, will
give us a stochastic variable with mean less than h. However, the difference
obviously converges to zero (e.g. in measure) with U (cf. section 6).

We may also try to find better estimates using e.g. maximum likelihood
methods as below.

3.1 Maximum likelihood

The density function for S, is approximately

R 1 IR T
e Yoy = e 2 (hZHk-h)(1-+2)

o(S.)V2r V(B2 + k= h)(1 - v2)Vor

25



Solving the equation

o ( 1 1
9 Zlog(h? + k—h
8h< g loglh Tk = h) = S R = h) 1—y2>
2h — 1 32 ,
"2(h2+k~h)2<1—y2 (B + k- h)
=0

for h gives us the maximum-likelihood estimate for the real h. By ignoring
the solution h = 3, we get

U §2 )
Z(l__“y2—~(h +k—h) = 0
1 u

ie.

14 s
2 _ -
R +k—nh Z1-y2

= ( if all the v,:s are 0

For various (robustness) reasons, the estimate (32) is to be preferred.

3.2 Calculation of a,,

Let us now briefly indicate how we can calculate the p,:s and a,,:s just from
the knowledge of T. The p,:s can be calculated by using (4) in Section 2.1.
The a,,:s can be calculated by the technique below.

Jz(ém,u) = ap(l—12)
= E(aa'zn,u) - E(am,u)2
= B(CL,) —aiy}

and hence
aZvi+am(l-v2) = E(Ch,)

which gives

QI
MQ

a2 1?2 +an(l-1?) =



or

277 o) 1 J 2

BT tan(1-7) ~ 2300,
Ue= ™

which gives a second degree equation of which the positive root is an approx-
imation of a,,.
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4 The variance of G, and the convergence of
hq

We have

@) = Exio*E,)

It is not hard to show that

~2
0*(S,) = (A +c)(pa— ) +
+ 2c(c—1+2h?)us

where

pi o=

Thus, o(é\z) tends to zero with increasing U. Hence, by the Tchebycheff
inequality the estimate hg of h converges at least in measure to the correct
value of . In fact, in any decent situation,

Gy — EG,
g (Gz)
would converge in distribution to the normal distribution and thus the es-

timate would be much better than the one obtained by the Tchebycheff
inequality. Note that we have

ho® —hg—(h*—h) = (hg—h)(hg+h—1) (33)
so that, disregarding again the effect of a non-real value in (32)
P(lhg=h|)>€) < P(lhg’ —hg— (h* —h)| > (h—1)e); (34)
where the right-hand side is

G, — EG,
P(] —21_72 | > (h—1)e)

which explains why hg is a much better approximation for A than G, is for
EG,. In fact, hg also estimates h better for big h:s although that is not
immediate from the above formulas.
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Let € = £, i.e. the proportional error in the address. In the Jaeckel/Karlsson
model, the expected number of common locations A, given H=H , is

Eh = H(1~%)...(1-]—V-jg:—l) (35)
~ H-e K¢ (36)

Replacing Eh by h and using the usual formula for optimal activating prob-
ability (cf. (1) we get the rough estimates

h ~ H-e K¢ (37)
M%(l—lozg€2) (38)
Furthermore,
c ~ pTH (39)
~ AMp*M (40)
= M3 (41)
and hence
- M3
c2(Gy) = i (42)
We have
. U
EG, = h2+c—21—1/ (43)
U 1
Thus, for G4 to be able to distinguish between h and h £+ 1 we need
a(G) = h (44)
= M31-1g2) (45)

i.e. we need

U = M30+e) (46)

which is compatible with the sizes of U and M in cerebellum (cf. (2) and

(3))-
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5 The separation of double readings

Let the reading at X be close to two addresses, X% and X*, at which we
have previously stored data. Analogously to the “one-address” case we then
put

S, = mWh+h,Wh+Y,

Let
Gy = $X7 S
We get

EG, = (B+h+oixl(1-12)
EGy = B+m+oislul=
= (B+r+oET! 21— 1))

so that
hi+hy+c = kA
h?+hi+c = IE_—C%
R 4+h+c = ;E_—:G;g
This gives
(b —1) +hahz —1) = 2& k& = a
{hl(h§~1)+h2(h§—1) = =& | = b
Let
s;i = hi+hd (47)

Then the sy, s, determines the set {hy, ho} and hence it is sufficient to solve
the system of equations

S99 — 8 = a
83— 81 = b
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Now

1 3
83 = —"2—8:; + 58182 (48)
and hence we get the equation
53 —3s2—51(3a—2)+2b = 0 (49)

The conditions for the corresponding numbers hy, hs to be non-negative real
numbers are

(h1 —h2)*> > 0
hi -+ he > 0
hiho > 0

which transforms into
255 —s2 > 0
S1 0
2 0

2
s — 8 2

which, in turn gives

s2—-2s < 2a
S1 2 0
s2—5 > a

It is easy to see that (49) has one negative and two positive roots. Call
these roots in increasing order ?3,%y,t3. Then the question is which ¢; gives
non-negative real h; : s. Note that the solutions

(hl,hzz) = (h,O)
and
(hi,h2) = (h,1)

coexist and are in principal the same solutions; we are not interested in values
less than 2. In this special case we single out the second solution. Then it
is possible to show that the only ¢; giving nonnegative real h; : s is t3. That
is, our system of equations is uniquely solvable for the set {hi, ha}. The
condition for the existence of a trivial solution (i.e. one with hy = 0) is

a—2a*+3ab-0* = 0 (50)
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Consider the system of equations

hi(h?=1)+hy(h3—-1) = =L -k = b

-3

{hl(hl—l)—f-hg(hg—l) = —Gz’—“—k = a

where, in the former system, E(/}’\Z and Eé\;g have been replaced by G, and
(33, respectively.

The solution of the above system of equations will be denoted
by (ho1, hg2), which is a stochastic vector.

Note that we are solving the equations with slightly disturbed addresses,
since we are using the estimate G3 of E(G3. This may cause trouble, in
particular when h; = h, since the quadratic equation

R —sih+sy; = 0 (51)

with roots hq, hy, will then have a double root and hence a slight disturbance
of its coefficients will throw the roots out of the reals. However, given a
polynomial p(z), the integral

1 /p’(Z)
2mi Jy p(2)
counts the number of roots of the polynomial p(z) inside 7. From this,
it follows readily that the roots of a polynomial vary continuously in the

complex plane with its coefficients. Hence we can find the possibly complex
values of (51) and then use the closest (non-negative) values as values for

]’LQl, hQQ.
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6 Finding the h-locations

It may be argued that the information-carrying locations, the h-locations,
can easily be found using the “tagged memories” of [10]. This construction
stores symbols, in each location, for what has been stored in it. However,
it seems unprobable that this construction is faithful to the structure of
cerebellum and therefore may not be well suited for other tasks (unless we
think we know better than nature how to do things).

The efficiency of the methods in this paper has been tested. The following
is a typical case, where we first find the h-locations, as below, and then use
the optimal threshold (11).

64

3000

8000

= 200

-0.2

distance between X and X =5

N -
[

Then, when reading 20 of the stored data, i.e. in total 60000 bits, the number
of bit-errors with the methods as above were 3 while they were 902 with the
basic method of thresholding the sum at 0.

Using (25), we get even better results.

6.1 The first method

Let for a vector
V=_>0W,... VW

of integers, ho(V') denote the value as calculated in (32) on page 25 with G,
replaced by G2(V) (cf. (29)).

Then, normally

W) = ho(S), ifmeH-h (52)
~Cms) ~ he(S)—1,iffmeh (53)
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Thus, if we take the hg m:s, in H, with the smallest hQ(§ - 5’m*) those m:s
should constitute the set h. In fact, this works remarkably well.

It is not hard to extend this procedure to double (or multiple) readings.
Let us discuss the double reading case. In case hg; # hg2, a location belongs
to the storings at X or X' if hg; or hg» are decreased by 1. Note that it can
belong to both. If hg1 = hg2, we can first find a location that when deducted
makes hg; # hgs. Then we can work from this deducted form as above.
Finally we may put back the discarded location by (adding or subtracting)
from the now sorted locations and see which one it effects. Possibly all initial
deductions will leave hgy = hga, which means that X* and X* share the
same locations in our reading.

6.2 The second method

The first method picks the locations m with the smallest & $U_; (Sy—Crmu)?.
Considering linear combinations of 52, 5,Cy, and C?, ,, with respect to the
mean values and variances of the corresponding stochastic variables suggests
picking the locations with maximal

1 & - = .\ x
Q = 77 (Su_Cm,u)Om,u (54)
Uu:l
instead. Let
Qu = (gu_ém,u)ém,u (55)
We have,

— 0 ,meH—-h
EQ"—{(h—nu—y@ ‘meh

and hence

— 0 ,meH—-h
EQ‘{(h—nT:ﬁ ,meh

Thus, it seems natural to use the following procedure to pick the h-locations

Pick the h locations with the biggest Q (56)
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6.2.1 Analysis
Let the decision criterion for m € h be

(h—1)T=2
2

Then the probability that this decision rule used on all m € H will produce
the correct set of h-locations is less than the probabilty that the procedure
(56) will do so. Note that the decision rule also require us to calculate 1 — v2.
Thus , we only need to estimate the efficiency of (57).

Q> (57)

((am(B®+k—an—h)(1-12)?  meH-h

. and
02(Qu) =
(h— 1242(1 - 1)’
+((h = D?*(a, — 1)
| +(k—am—h+1an)(1-12)?* ,meh
Thus,

Lemma 1 The variance ofa s given by

(L amB?+k—am—h)A=27?] ,meH-h

and

—

o} (Q) =
& [(h — 1)2402(1 — 12)?

+{(h = 1)*(am — 1)
+(k—am—h+1an}T=27?] ,meh

\

6.3 The third method, finding the h-locations using
an approximate reading

Let in the following m be arbitrary but fixed in H. We want to find a criterion
for choosing m to be in h. Suppose that we have estimated the value of W
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by some method. Conditioned on this estimate, the stochastic variable, w
will have the following probability function

P, = P(W,=1)

= 1-0Q,
Consider
Crw = OW +Y™
where
@ = 0ifmeH—-h
= lifmeh

- (cf. section 1.2). Taking the maximum-likelihood approach for estimating
6, let P denote the probability function for the relevant stochastic variables
given the value 6 of the parameter. Let

Te = Tmu
= number of ones in Cp, ,,

and let in the following 7, p, ¢, a denote 7y, Py, Gu, @m, respectively
Now

PO(Crr = Crma | W,=1) = P(r-1 onesin ¥{™)

_ a—1 r—1_a—r
- r-yP 1

PO (Cru=Cmu|Wy=—1) = P(r ones in ¥\™)
a—1 1
— ( >prqa 1
T

a—1 r—1_a-—r a—1 r a—1—r

Furthermore,

PO(C,, ,=Cny) = P(ronesin Con)

— (CL) prqa——r
T
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Thus, the maximum-likelihood condition for choosing 8§ = 1, i.e. for selecting
m to be a location in which W has been stored is given by

U U
H P(O)(é’m,u = Cm,u) < H P<1)(é’m,u - Cm,u)

u=1 u=1
i.e. by
U U
a Ty 0—T a—1 re—1_a—7 a—1 Ty ,a—1—T
H( )puuqu, u < H [( )puu :Equ u.Pu+< )puuqu 1—-7y Qu:|
u=1 U u=1 T'U'——l Ty
1.e.
U
U Pu — Ty U
1 < HF——-— e Q}
u=1 a pu a Qu
or
Pu Cmu u
2V < H[<1+ m’“>—+(1— )9—}
u=1 a Du a Qu
or
Cmu P, C_‘m;l Qﬁ
NG DF T ELD
1 < = 1 a Pu a Qu
U%Og? 2
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6.4 Analysis of the second method

Definition 1
B = {we make the correct choice for all H-locations}

We have

Proposition 1 Let 6 > 0 and let £ < 525-. Then there is an
My = My(6,€) and an a = «(6,€) > 0 such that if

o> Mt (58)

<for the relation between € = —]dv and & cf. (38)) (59)

-2 > 6 (60)

M> U> M3t (61)

M > M, (62)
then

PB) = 1-¢™ (63)

The proof of this proposition is given in the appendix. The restriction
U < M is required purely for technical reasons. Of course the proposition
is valid without it. However, we are interested in making U small so the
restriction does not matter.

Note that it is easy to prove the proposition if we simply replace a with
its normal approximation. However, this is a dangerous procedure far out in
the tails. Note also that by considering the simple case when all p, = % we

obtain that the exponent % + 6 cannot be improved to an exponent less than
1

In fact, by a minor adjustment in the proof of proposition 1, it can be
shown that even if we don’t know the value of h, but only the inequalities
(58) and (60), we may still find the h-locations as follows.

Pick the locations in h to be the ones satisfying

1 -
Q > §M%_§1 - I/2
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This procedure is is exponentially safe in the sense of (63) if U = M*®, where
a = % By counting the number of elements in h, we also get A, which we
need for the reading methods in section 2.
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A Appendix - Proof of proposition 1

General references for the following are Durrett [1] and Feller [2]. Throughout
this appendix the assumptions of the proposition 1 are supposed to hold and
6 and & will refer to the constants in its statement.

A.1 Large deviation lemmas

Lemma 2 Leta > 0. For centered independent (—1, 1, p) Bernoulli variables
(cf. section 1.2.1), regardless of the value of p

2

P(| X1+ ...+ X,| >na) < 27 (64)
In particular

P(X1+...4 X, > nitP) < 2777 (65)
Proof Using the large deviation technique in Durrett [1] page 71, we obtain
P(X,+...+X,>na) < e™@ (66)

where for 0 < a < 2¢

a a a a
= Z)log(l + —) + g1 — —) log(l — — 67
@) = p(1+5)log(1+5) +a(1 - ) log(1 ~ ) (67)
which is obtained by taking the maximum of
af — log(Ee? 1) = af — log(pe®® + qe=%) (68)
We have
1. 1+ 2
g(a) = Slog—>r (69)
2 S1-&
q
i'(e) = 1 (70)
(2p+a)(2¢ — a)
Note that g(0) = ¢'(0) = 0. Elementary calculations give
0 <(2p+a)2¢g—a)< 1 (71)
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and hence ¢"(a) > 1. Thus

CL2

o) > = (72)

so that for 0 < a < 2¢
a2

PXi+...+X,>2na) < ez (73)
In case a > 2q the probability in (73) is 0 and if a = 2q the probability is

a?
(1 — g)™ whereas e % = e~2"" and since log(1 — ¢) < —2¢% , 0 < ¢ < 1 we
conclude that (73) is true for all a > 0. By using this result on the variables
—X; we get

a2

PXi+..+X,<-na) < e7 (74)

and from this the desired inequality. |

Lemma 3 Let X,..., X, be centered independent (—1,1, p) Bernoulli vari-
ables , where

n < M°t8

Then, regardless of the value of p, if B8 < %

8
3

P(X1+...+ Xa| > M) < 2e73M (75)
Proof Since
IXi+...+X,] < n (76)

the inequality is trivially true if n < M? + 8. Thus we may assume that
n>M?+f. Let <&

A= P(Xi+.. + X, >nita) (77)
> P(IXi 4.+ Xa| > MEOGTD) (78)
> P(IX1+...+Xa| > M5Y) (79)

(80)
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But

2 2
A < 272 % (81)
1 (%+ﬁ)2ﬂ
< 2e7EM (82)
< gemdmt (83)
[

Lemma 4 Let X1,...,X, be i.i.d. (1,0,p) Bernoulli variables, where p =
en™® where ¢ > 0 and let v < B. Then,

1,1-8

P2 < Xi+.. + X, <n!F) > 127"
n > no(B,7,c) (85)

Proof Using the large deviation theory in Durrett [1] again we get, for a > p

P(Xi+...+ X, >na) < e P (86)
where
a l—a
a, = alog—+(1—a)log 87
9(a, p) ; (1~ a)log— , (87)
Let p=cn~® and let a = n"p = cn?™# | v < 8. Then we get
— T=Blogn” + (1 78y 1 — e 88
g(a,p) = en?"logn’ + (1 —en')log T———5 (88)
Elementary calculus gives us an n; = n,(8,, ¢) such that
PXi+...+ X, >en!™F) < e > (89)
On the other hand, if p=cn™, a = n™"p = cn~ ("5 then
P(X;+...+ X, < na) (90)
= P(1-X)+...+(1-X,) >2n(l —a)) (91)
< emai-al-p) (92)
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where

1 J— cn_(7+:3)
=cen~ " logn™7 4 (1 — en~+A)) log —————— (94)
1—cnF
and elementary calculus again gives us an ny = ny(0, v, ¢) such that
P(Xi+ ...+ X, <cenr 0y < e >y, (95)
so that for n > ng
PP < X1+ .. 4+ X, <P > 1277 (96)

where ng is chosen such that ng > ny,ng and n™ <c<n?, n > ng

Using theorem 1 in Feller [2], we have (by letting 0 < A,z < & in the

theorem)

Lemma 5 Assume that

X1,..., Xn

are independent stochastic variables with

EX; = 0,1<:<n (97)
ol = E(X})<o0,1<...<n (98)
2 = oi4+...+o2 (99)

Let z > 0. If

3’%’;' -2-121- ,1<i<n (100)

then

P(|Xi+...+X,]| >zs,) < 2e™7" for z > 0.775 (101)

Proof With the notations of Feller Feller [2], let

1
Ay = — 102
24z (102)
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Then
S’ﬂ

)\n n = — > |X;

° 21z > 1l

1 < 1

24 12

Furthermore, 12)\,z = } gives
3 1

1-3) 7

0 <Mz =

@n(z)] < n

so that
P(| X1+ ...+ X | >2s,)
1 — Fo(zsy,)

ek [(1 - ®(z)) + 9/\ne_%]

A

.z
2 4+ 2

IN
)
&
o
!

22 1 22 9)\n:ve 2}

In
g}
!

2

< e % 3 >0.775

Using this result on —X; instead gives

322

P(|Xi+..+X,| <-zs8,) < e 7 ,2>0.775
| |

From this, by truncating the variables X; below at £|52|, we get

(103)

(104)

(105)

(106)
(107)
(108)
(109)

(110)

(111)

(112)

Lemma 6 Let a > 0. There is a universal constant ng = no(a) satisfying

the following. Assume that
X, X,
are independent stochastic variables with

EX; = 0,1<i<n

o} = E(X})<xo,1<i<n
2 = o+ 40l >1
IX;] < n*,1<i<n

44



Furthermore, assume that z > 1 and that
P(]Xi|>—2%";)§e‘”a ,1<i<n

Then, if n > ng

P X1+ ...+ X, > zs,) < 2" e_”%
Proof Let
Zi = Xilyxi<gz
Y, = Z,-EZ
Then ‘
0% — ok < (EZ) +n*P(|X,| > 2%’;-)
s
< ntP(X] > =
< wP(X] > )
< ple™
S = oy +...+0}
182 — 2| < n%(e™ +e ™) <20 [ n > mi(a)

P(| X1+ ...+ Xu| > zsn)
< P(some X; # Z))+ P(|Z1+ ...+ Z,| > zsp)
< L P > [ ]) + P(Yi + .. + Yl > w5, = 3 |EZ

1 1
where
n S,

) Sy o< ~n

> PUI> 152D < ne

o

We have

k)

S|EZ] < nPe
1

S, SE
O S O |
-1 < -

n

IN
!
3
\Y
S
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But for n > n, we have

5 _—n%®

—_—m
n’e onle™"

VAN

IA

:nznl

so that

Sn _ X1 |EZ|
Sn xSy

v

v
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(135)

(136)

(137)
(138)

(139)

(140)

(141)
(142)

(143)
(144)

(145)
(146)



so that (139) is satisfied if

oy 1.1
S, T 2 55,

But

1o s l_m B
Sn S, S~ S, 4~
and hence

1 1 < §<S—n,n2n1

3755 S 1°%,

Thus for n > n,

P(IVi+ ...+ Y| >zs, — > |EZ)
1

1
P(lVi+...+Y,|> 53:5")

A

< 2e7 78 = 2e7m%
so that
P(| X1+ ...+ Xn| > xs,)

—n 3.2
ne " +2e7 8% n>n

IA

—n% _ 3.2
e +2e7287 [ n > ng

IA

A.2 Wrapping up the proof

(147)

(148)

(149)

In the following we will (with varying implicit m), have the following corre-

spondences with lemma (6)
U & n
U &1

r « T

au - E/Q\u — Xz
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Let 7 = min(}, 25%). Here, % is arbitrary, anything less than = will do.

The generic constants o and M; below are all supposed to depend only on 6
and &

We will work with the following events

Definition 2

- Y )
B, = {IQ - EQ| > (b= 1 -7 1;1 Y } (161)
with m € H implicitly varying (162)

Definition 3 A,, is the event given by

M3 <ap< M3 (163)
M3 < H< M3 (164)
METT <k< ME (165)
am(k — am — H)S> > M7 (166)
am(H* +k) < MY (167)
kam, +H < MY (168)
We have
P(Bn) (169)
= = = = Uh—1)1 — 12
_ P (t @ - EQ) +...+ Q- EQy) | > L 2331 3U> (170)
Let
Uh—1)1 -2
== 171
’ 23(] : ( )
Lemma 7 If A, is satisfied then
UMY < s, < UMM (172)
Proof We have
sp = Uo*(Q) (173)
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hence, by lemma (1) on 35

Ut (k — am — H) (1—1/2)2 <3y < Uan(h® +k) (174)
< Usn(H +k) (175)

which with the standing assumption 1 — v2 > § gives the result. |

Lemma 8 There is an My such that if A,, is satisfied and M > M, then

P([Q. - EQu| > M¥*) < ™ 1<ucuy (176)

Proof Let m € H. We have

Qu-EQul < [Qul+1EQ. (177)
< Q)+ O (178)
< [Qu+H (179)
< [Qul+ Mt (180)

Now

Q. = ("W+Y)Y, (181)

where 7 = (horh — 1) < H and Y,Y,, are sums of centered (—1,1,p)
Bernoulli variables, for some p, with < &£ and a,, summands, respectively.

Qul < (H+|Y])|Yn (182)
< (MET 4|V ]| Vo (183)

Since k < M3+ and a,, < M %*'", lemma 3 gives
P(Y|> M3y < 2eM? (184)
P(|Y| > M3*7) < 2e~M* (185)

so that

P(|Q. — EQy| > M3¥7 4 2M 57\ 5+7) (186)
< P(|Qu| > 2M 3t M5 (187)
< P(|Y| > M3*7) + P(|Y,]| > M&*7) (188)
< 4eM? (189)
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Choosing an M, such that for M > M,

i/
4™ < ME (190)
M3¥T L oMt < patdn (191)

completes the proof.

Lemma 9 If A, is satisfied, then there is an M, such that
T > Ma,M>M, (192)
Proof By (171)

U (h -1 (T=2)

? = 193
4s%, (193)
But
(h=1? > (M=t -1) (194)
> MM > M, (195)
Thus
UM 3%
2
T2 Ty (196)
62M6—2§—7;
2 — (197)
§2M2!6—-2§!
2 Ts (198)
> MF M > M, (199)
|

Lemma 10 If A, is satisfied then there are constants o, My such that if
M > My then the conditions in (6) are satisfied with (M, }) corresponding
to (ng, @).
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Proof By (7)

sy, > UM'™ > 1 (200)

and

Ut > Mt (201)
> MY (202)
> kap+H (203)
> |Qu— EQ.| (204)

Furthermore, we need an o and an M, such that for M > M,

P([Q\U—E@p% < eV 1<u<U (205)

Since we assume that U < M it is sufficient to establish this with U replaced
by M. By (171)

UH
o (206)
Now
2
>
25z = 125UH (207)
1-m
> M—1 (208)
12.5M 3+
M3
- 2
125 (209)
so that
P(Qu - EQul 2 ) < PO25[Qu — EQu| > M) (210)
Z
S P([Qu - EQ\ul > M‘12'+371), (211)
if 12.5M3F3 < pf32 (212)
But, by lemmas (8) and (7)
P([O, — EQ,| > M} < ™' a> (213)
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So it is enough to establish
12.5 < M5~

which is true for M > M, (chosen > M;). This, by the way, is where we
want 7 < 2. Wl
Let in the following

¢ = {H< M} (214)

Lemma 11 There are constants a, My and an such that for m € H

PAS) < e™M M>My,,meH (215)
P < ™  M>M, (216)
(217)

Proof Since C C A, it suffices to show the first inequality. Note that if (163)
- (165) are satified with 7 replaced by ' = 7/(6)n then (166) - (168) follows.
Thus, it is sufficient to prove for any 8 > 0 there are constants o = «(f) and
M, = M;,(B) such that

P ((163) — (165) with n replaced by ) > e™° M > M, (218)

But this is an immediate consequence of lemma 4 since q,, is the outcome of
the sum of T = AM iid. Bernoulli (0,1, p) variables, H is the outcome of
the sum of M i.i.d. Bernoulli (0,1, p) variables and k is the outcome of the
sum of TH i.i.d. Bernoulli (0, 1, p) variables. [ |

Proof of the proposition

P(BY) < P(C°)+ P(B C) (219)
< P(C)+P(|J Bn|0) (220)
mEH
< P(C)+ Y Bn|C), where H < M5+ (221)
meH
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Using lemmas (6), (11), (10), (9) we

P(C)P(Bn|C) < P(Bn)
< P(AnY) + P(By| An)
6,11,10 s 1 -
< M g, iz%_*_e ud
3(6-2 o
Lo o
S e—-MO‘4 ) M Z Ml

Thus, since
P(C) > 1—e ™' M>M,
we get

P(Bn|C) < ™% M > M,

Hence,

P(Bc> < e-—M"‘1 _*_M%—H?e—-M"‘E»
< M M > M

N

53
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