ISRN SICS-R--94/08-SE

A polynomial algorithm for deciding
bisimilarity of normed
context-free processes

by

Yoram Hirshfeld, Mark Jerrum
and Faron Moller

SICS TechmigaiRaport 1.0 ¢/ e PO {

R94:08 :
ISSN 1100-3154






Report R94:08 ISRN SICS-R--94/08--SE
ISSN : 0283-3638

A polynomial algorithm for deciding bisimilarity
of normed context-free processes

BY

Yoram Hirshfeld, Mark Jerrum
and Faron Moller*

April, 1994
*fm@sics.se

*Swedish Institute of Computer Science
Box 1263, S-164 28 KISTA, SWEDEN

ABSTRACT

The previous best upper bound on the complexity of deciding
bisimilarity between normed context-free processes, due to
Huynh and Tian, is that the problem lies in the second level of
the polynomial hierarchy: their algorithm guesses a proof of
equivalence and validates this proof in polynomial time using
oracles freely answering questions which are in NP. In this paper
we improve on this result by presenting a polynomial-time
algorithm which solves this problem. As a corollary, we have a
polynomial algorithm for the equivalence problem for simple
context-free grammars.

KEYWORDS:
Process algebra, Formal languages, Analysis of algorithms.






A polynomial algorithm
for deciding bisimilarity
of normed context-free processes

Yoram Hirshfeld* Mark Jerrum/
Faron Moller?

Department of Computer Science, University of Edinburgh,
The King’s Buildings, Mayfield Road, Edinburgh EH9 3JZ, Scotland

Dedicated to Robin Milner on the occasion of his 60th birthday.

Abstract

The previous best upper bound on the complexity of deciding bisimilarity
between normed context-free processes, due to Huynh and Tian, is that the
problem lies in £5 = N PNF: their algorithm guesses a proof of equivalence and
validates this proof in polynomial time using oracles freely answering questions
which are in NP. In this paper we improve on this result by presenting a
polynomial-time algorithm which solves this problem. As a corollary, we have
a polynomial algorithm for the equivalence problem for simple context-free
grammars.

1 Introduction

There are many formalisms for handling the problem of describing and analyzing pro-
cesses. Possibly foremost among these are algebraic systems such as regular expressions,
algebraic grammars and process algebras. There are also many automated tools built
upon these formalisms, exploiting the fact that properties of finite-state processes are
typically decidable. In particular the equivalence problem is decidable regardless of what
reasonable semantic notion of equivalence is chosen. However, realistic systems, which
typically involve infinite entities such as counters or real-time aspects, are not finite-state,
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and in practice these are only partially modelled by finite-state approximations. There
has thus been much interest lately in the study of the decidability of important properties,
such as the equivalence and model checking problems, for various classes of infinite-state
systems. However, these results are generally negative, such as the classic result regarding
the undecidability of language equivalence over context-free grammars.

In the realm of process algebras, a fundamental idea is that of bisimilarity [20], a notion
of equivalence which is strictly finer than language equivalence. This theoretical notion is
put into practice particularly within Milner’s Calculus of Communicating Systems (CCS)
[18]. This equivalence is undecidable over the whole calculus CCS. However, Christensen,
Hittel and Stirling recently proved the remarkable result that bisimilarity is in fact de-
cidable over the class of context-free processes [6], those processes which can be defined
by context-free grammars in Greibach normal form. Previously this result was shown
by Baeten, Bergstra and Klop [1] for the simpler case of normed context-free processes,
those defined by grammars in which all variables may rewrite to finite words. It has also
been demonstrated that no other equivalence in Glabbeek’s linear-time/branching-time

spectrum [7] is decidable over this class [9], which places bisimilarity in a favourable light
indeed.

Viewed less as a theoretical question, decidability is only half of the story of a property
of systems; in order to be applicable the decision procedure must be computationally
tractable as well. The techniques of [1, 6] require extensive searches, making these un-
suitable for implementation. Though there has been little success in simplifying the
technique of [6] for general context-free processes, there have been several simplifications
to the proof of [1] for normed processes [2, 8, 14] which exploit certain decomposability
properties enjoyed within this subclass but not in general. However, the best of these
techniques still only yields an exponential-time algorithm.

Huynh and Tian [15] investigated the problem from a structural point of view, and ob-
tained the best upper bound previously known on its complexity. They showed that
the problem of deciding bisimilarity of normed context-free processes lies in the class
P = NPNF the second level of the polynomial-time hierarchy of Meyer and Stock-
meyer [21]. Their algorithm non-deterministically guesses a proof of the equivalence of
two processes, and then attempts to validate the proof in polynomial time using oracles
freely answering questions which are in NP.

In this paper we present a polynomial-time algorithm for deciding bisimilarity of normed
context-free processes, improving substantially on Huynh and Tian’s result. As a corol-
lary, we obtain the first polynomial-time algorithm for deciding (language) equivalence
of simple context-free grammars. (See Section 5 for a definition of a “simple” grammar.)
The equivalence problem for simple grammars was first considered in the 1960s by Koren-
jak and Hopcroft [17], who presented a decision procedure with time complexity O(n?),
where n is the size of the grammar (i.e., the total length in symbols of all the productions)
and v is the shortest word generated by the grammar. Prior to the current paper, the
most efficient decision procedure known was due to Caucal 3], and had time complexity
O(n®v). It is important to note here that v is in general exponential in n.

The remainder of the paper is organised as follows. In Section 2 we provide preliminary



definitions for our framework; in particular we define (normed) context-free processes and
bisimilarity, and provide several established results concerning these notions. In Section 3
we provide the basic definitions and results which underlie our approach to the decidability
problem, and demonstrate a deterministic procedure for solving the problem. In Section 4
we present a polynomial implementation of our proposed procedure. In Section 5 we
demonstrate the corollary of our result which provides a polynomial algorithm for deciding
equality of simple context-free grammars. Finally in Section 6 we review our achievements
and relate the work to other existing results.

The main complexity analysis is embodied in Lemma 4.6 which is proven in detail in

Appendix A.

2 Context-Free Processes

In this section we review the various established definitions and results on which we shall
base our study. Firstly, we define our notion of a process as follows.

Definition 2.1 A process is (a state in) a labelled transition system (LTS), a 4-tuple
(S, A, —, ag) where

o S is a set of states;

o A is some set of actions;

¢ — C SxAxS is a transition relation, written o — B for (a,a,8) € —. We
shall extend this definition by reflezivity and transitivity to allow o — 8 for s € A*;
and

® ag € S s the initial state.

The norm of a process state o € S, written norm(a), is the length of the shortest transition
sequence from that state to a terminal state, that is, a state from which no transitions
evolve. A process is weakly normed iff its initial state has a finite norm, and it is normed
iff all of its states have finite norm.

The class of processes in which we shall be interested is a subclass of those generated by
context-free grammars, as defined for example in [13] as follows.

Definition 2.2 A context-free grammar (CFG) is a 4-tuple (V,T, P, S), where

e V is a finite set of variables;

o T is a finite set of terminals;



Figure 1: The context-free process X —aY, Y —-aYZ, Y b Z —b

o P C V x(VUT)*is a finite set of production rules, written X — « for (X, o) € P.
We shall assume that some rule X — « exists in P for each variable X € V; and

¢ S €V is the start symbol.

The norm of a variable X € V, written norm(X), s the length of the shortest string of
terminals which can be generated from X. A CFG is weakly normed iff its start symbol
has a finite norm, and it is normed iff all of its variables have finite norm.

A grammar is tn Greibach normal form (GNF) iff each of its production rules is of the
form X — aa where a € T and a € V*. If each such « is of length at most k, then it is
in k-GNF.

The class of CFGs in GNF corresponds to the class of processes defined by guarded
systems of recursive equations over the basic process algebra (BPA) of [1]. Every CFG in
GNF in this sense defines a (context-free) process as follows.

Definition 2.3 With the CFG (V,T, P, S) in GNF we associate the process (V*,T,—,5)
where there are no transitions leading from ¢, and Xo —— ao iff X — aa is a production

n P.

The class of context-free processes is exactly that class of processes generated by CFGs in

GNF.

As an example, consider the CFG given by the GNF rules X - aY,Y - aYZ, Y — b
and Z — b. This grammar defines the process depicted in Figure 1. This process (as well
as its defining grammar) is normed, with norm(X) = 2 and norm(Y) = norm(Z) = 1.

Clearly every normed CFG in GNF gives rise to a normed process. We can also see
immediately the following basic fact regarding processes.

Lemma 2.4 norm(af) = norm(a) + norm(f).

The notion of process equivalence in which we are interested is bisimulation equivalence

[20] as defined as follows.



Definition 2.5 Let (S, A,—,3s0) be a process. A relation R C S x S is a bisimulation
iff whenever (o, B) € R we have that

o if a — o then 8 — B’ for some B’ with (¢/,8') € R; and

o if 3 — p' then o = o for some o with (/,B') € R.
a and B are bisimilar, written o ~ 8, iff (a, B) € R for some bisimulation R.
Lemma 2.6 ~ is an equivalence relation.

Proof Reflexivity is established by demonstrating {(«, ) : « € S} to be a bisimulation;
symmetry is established by demonstrating R™" to be a bisimulation whenever R is; tran-
sitivity is established by demonstrating RS to be a bisimulation whenever R and S are.
These are all straightforward. m]

The main result on which we shall build regarding this process class, originally proved in
(1], is given by the following.

Theorem 2.7 Bisimilarity is decidable for normed context-free processes.

What we provide in this paper is a procedure of relatively low complexity for deciding
bisimilarity of normed context-free processes. Specifically, we fix a CFG G = (V,T, P, S)
in GNF, and decide whether two given states o and j of the process (V*,T, —, S) given
by Definition 2.3 are bisimilar.

We shall rely on the following established results concerning bisimilar processes.

Lemma 2.8 Ifa ~ f and a —> o for s € A* then B = ' such that o/ ~ f3'.

Proof Suppose that R is a bisimulation relating « and 3, and that
a:aoLalﬁ---—iapza’.

Then we must have that

B=B5p 2. B, =p
with (a;, B;) € R for 0 < ¢ < p. Hence (¢, 8') € R so o/ ~ . 0

Lemma 2.9 «a ~ 3 implies norm(a) = norm(f).



Proof Suppose that norm(a) > norm(B) and that 8 — ¢ with length(s) = norm(3).
Clearly we cannot have that & —— ¢ so we cannot have that a ~ . O

The technique underlying our algorithm exploits properties of the sequential composition
and decomposition of processes, as outlined in the following few facts. Firstly, we have a
basic congruence result.

Lemma 2.10 If a ~ § and o ~ B’ then ad ~ B3,

Proof It is straightforward to show that {(aa' BB ta~p, o ~ f } is a bisimulation.
O

More importantly, motivated by [19] we have a unique prime decomposition result for
weakly normed (and hence normed) processes. To demonstrate this we first prove a
cancellation lemma.

Lemma 2.11 If ay ~ v and v is weakly normed, then oo ~ (.

Proof It is straightforward to show that {(a, B) . ary ~ By, norm(y) < oo} is a bisimu-
lation. o

Notice that this fact fails to hold when + is not weakly normed. For example, given X — a
and Y — aY we have that XY ~ XXY but X # XX.

Definition 2.12 « is prime (wrt ~) iff @ # € and a ~ fv implies § =€ or vy =¢.
Theorem 2.13 Weakly normed processes have unique (up to ~) prime decompositions.

Proof Existence is established by induction on the norm.

To establish uniqueness, suppose that a; ---a, ~ 1§, are prime decompositions and
that we have established the uniqueness of prime decompositions for all processes o with
norm(a) < norm(oy - - ).

If p=1or g =1 then we immediately have our result.

. a o . e, u .
Otherwise suppose that ayas - -+, — ojaz -+ @, is a norm-reducing transition, that is
norm(ajag - - - o) < norm(ogag - 0yp).

Then $18y-- B, — BiB2- -+ By with ojag - a, ~ BBz B, so by induction we must
have that o, ~ S,

Hence by Lemma 2.11 we have that a7 -+ ap—1 ~ B+ B4-1 from which our result then
follows by Lemma 2.10. 0O

One further result concerning bisimilarity which we rely on pertains to Caucal bases,
otherwise known as self-bisimulations [2].
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Definition 2.14 For any binary relation B over processes, let be the congruence

closure of B wrt sequential composition.

B is a Caucal base iff whenever (o, 3) € B we have that

G'; and

g

o ifa - o then B — B for some ' with o

o if f = ' then o — o for some o’ with o

o

2 cn.

Lemma 2.15 If B is a Caucal base, then is a bistmulation so

Proof We demonstrate that if a = B then the two clauses given by Definition 2.5 hold

true. The proof of this we carry out by induction on the depth of inference of « £ B.
If a2 B follows from (e, B) € B, then the result follows from B being a Caucal base.

If o = 3 follows by one of the congruence closure conditions, then the result easily follows
by induction. O

3 Basic Definitions and Results

In this section we provide the results which define and underlie the correctness of a
deterministic algorithm for our decision problem. We start by assuming that we have a
normed CFG (V, T, P,S) in GNF, where the variables V = { X1, X3,..., X,, } are ordered
by nondecreasing norm. The basic idea is to exploit the unique prime decomposition
theorem by decomposing process terms sufficiently far to be able to establish or refute the
equivalence which we are considering. Further, we try to construct these decompositions
by a refinement process which starts with an overly generous collection of candidate
decompositions. This is the motivation behind the following definitions.

Definition 3.1

1. A base is a collection of pairs (X;, X;a) where X;, X; € V, a € V*, 1 < 7, and sat-
isfying norm(X;) = norm(X;a) and v = ' whenever both (X;, Xiy) and (X;, Xiv')

are contained in B.

2. A base B is full iff whenever X; ~ X;3 with j > 1 then (Xj, Xiy) € B for some
v ~ B. In particular, (X,X) € B forall X € V.

3. Let = C £ e some relation satisfying ~ C =p whenever B is full. (We leave
the actual definition of =p until later, at which time we shall confirm that these
inclusions hold.)



Hence we are proposing that a base B consist of pairs (X, ) representing candidate
decompositions, that is, such that X ~ a. Our task then is to discover a full base which
contains only semantically sound decomposition pairs. To do this, we start with a full
but finite (and indeed small) base which we refine iteratively whilst maintaining fullness.
This refinement is as follows.

Definition 3.2 Given a base B, define the subbase BCB by:
(X,a)eB iff (X,a)eB and

o if X — f then a — v with 8 = v; and
o ifa =5y then X - B with B =5 7.

Lemma 3.3 If B is full then B is full.

Proof If X; ~ X;3 with j > 1, then by fullness of B we have (Xj, Xivy) € B for some
T~ B

If X; -~ o then X;v -2, § with o ~ § and thus again by fullness of B we have 0 =p .
Similarly if X;y — & then X; —» o with 0 ~ § and thus o =g 6.

Hence (X, Xi7) € B. O

So we can iteratively apply this refinement to our finite full base, and be guaranteed that
the process will stabilize at some full base B for which we can demonstrate that =g = ~.
This last result will follow from Definition 3.1(3) as well as the following.

Proposition 3.4 IfB = B then =5 C ~.

Proof =p is contained in £ , the congruence generated by B, so B must be a Caucal
base. Hence our result follows from Lemma 2.15. O

We are thus simply left now with the task of constructing our initial base By. This is
achieved as follows.

Definition 3.5 For each i and j in the range 1 <i < j < n fiz some [ X |norm(x;) Such
that X; — [X;]norm(x;) in length(s) = norm(X;) norm-reducing steps.

Let By be the collection of all such (X, X;[Xj]norm(X;)) pairs.
Lemma 3.6 By is full.

Proof If XJ‘ ~ X,IB with ¢ S j, then (Xj,Xi[Xj]norm(X,-)) S B() for some [Xj]nonn(X,') such
that X; — [X;]norm(x,) in length(s) = norm(X;) norm-reducing steps. But this norm-
reducing transition sequence can only be matched by X;3 — 3. Hence we must have
that [Xjlhorm(x;) ~ B, so Bo must be full. o



Definition 3.7 Let B,y = I/S'\,-, and let B be the the first B;y1 = B;.

We thus finally have our desired base B, and we are left to state our promised character-
isation theorem.

Theorem 3.8 =5 = ~.

Proof Immediate from Definition 3.1(3) and Proposition 3.4. O

We have now accomplished our goal of defining a deterministic procedure for deciding
bisimilarity between normed processes: we simply iterate our refinement procedure on
our finite initial base By until it stabilizes at our desired base B, and then test for =5 .
However, we have not given an explicit algorithm for performing this procedure — indeed
we have not even defined our relation =g , so we cannot even deduce that it is computable
let alone decidable — so we cannot as yet remark on its complexity. This task is left for
the next section.

4 A Polynomial Solution

In this section we accomplish our goal by describing a deterministic implementation of
our basic algorithm which runs in polynomial time. To start with, we fix the problem

domain: let (V,T, P, X;) be a CFG in k-GNF, with

V:{Xl,Xz,...,Xn}
P={X,~—+a,~ja,~j . 1§z§n,1§]§mz}

and such that the indices on the variables and productions are ordered by increasing norm
so that norm(X;) < norm(X;4,) for each 1 <7 < n. Let m be the maximum value of m;,
that is, the maximum number of rules associated with a single variable, and hence the max-
imum number of transitions evolving from any given state. Finally assume that the first
rule for each variable generates a norm-reducing transition, so that norm(X;) < norm(a;).
(We can compute the norms of the variables by solving simple linear equations and thus
transform our grammar into this form in polynomial time.)

We want to decide, given o, 8 € V*, whether or not a ~ . To do so, we start by comput-
ing B as in the previous section, and then determine if « =g 3. The algorithm thus has
three phases: the first phase computes the initial base By; the second phase computes the
final base B by iterating the refinement operation until it stabilizes; and the third phase
decides if the two processes in question are related by =5 .

We first consider the complexity of computing a particular By. In order to compute By
we must compute [X;],, a term derived from X; through p < norm(X;) norm-reducing
steps. In particular, these steps will be fixed as those given by the first rule for each X.
A function for defining [a], for p < norm(«) is thus given as follows.

9



Definition 4.1

lalo = o

[X;q] def [0]p—norm(x;) i p 2= norm(X;);
o [2i1]p—10x if p < norm(X;).

Some fundamental properties of this definition are summarized as follows.

Lemma 4.2

1. For p <norm(a), o 257 [of, in p norm-reducing steps.

2. [@norm(a) = €-

3. For p < norm(e) and p + ¢ < norm(af), [[a],Bl; = [aflpsq-

4. length([a],) < (5 — 1)(k — 1) + length(c), where j is the mazimum indez of a vari-

able appearing in o« (or 1, if a =¢).
In particular, length([X;],) < ¢ —1)(k—1)+1

5. Computing [, takes at most (j — 1)k + length(a) steps, where j is the mazimum
indez of a variable appearing in o (or 1, if a = ¢).

In particular, [X;], takes at most (i — 1)k + 1 steps to compute.

Proof

1. By induction on p.
Firstly, if p = 0 then the result is immediate.
Otherwise let a = X;f.
If p > ¢ = norm(X;) then
a5 B e [Blp-¢ = [a]p-

If p < norm(X;) then
o 2, ailﬂ ai:f*p [ailﬁ]p—l = [a]P'

2. By induction on norm(a).
If o = ¢ then the result is immediate.

Otherwise let o = X f3.
Then [¢]norm(a) = [Blnorm(z) = €

10



3. By induction on norm(af).
Firstly, if p = 0 then the result is immediate.
Otherwise let o = X;7.
If p > norm(X;) then

[[O‘]pﬂ]q = [[7]p—n0nn(Xi)/8]q = [7:H]p+q—norm(Xi) = {aﬂ]p+Q'
If p+ ¢ < norm(X;) then

[la]pBly = [[air]p-18ly = [t Blptg-1 = [@Bptq-
If p < norm(X;) < p+ ¢ then

[la]pBly = [[eirlp-17Bls = [ei1YBlp+a—1
= [[@i1]norm(X:)-17Blp+q-norm(x;)
= [18]p+g-norm(x;) = [@Blp1q.
4. By induction on p.
Firstly, if p = 0 then the result is immediate.
Otherwise let a = X;/.
If p > norm(X;) then

length([ay) = length((8]y-nomm(xo)
< (7 —=1)(k—=1)+length(a) — 1 (by induction.)

If p < norm(X;) then
length([a],) = length([a],15)

< (2=2)(k—=1)+ k + length(a) — 1 (by induction)
< (5 —1)(k —1) + length(a).

5. By induction on p.
Firstly, if p = 0 then the result is immediate.
Otherwise let a = X .

If p > norm(X;), then the computation of [«], takes one more step than the compu-
tation of [],_norm(x;), Which, by induction, takes at most (j — 1)k + (length(e) — 1)
steps, giving the result.

If p < norm(X;), then [a], takes one more step to compute than [a;1],-1, which, since
a;1 1s a sequence of at most k variables with smaller norm — and hence indices —
than X;, by induction takes at most (¢ — 2)k + k steps to compute, which gives us
our result.

Our basic algorithm for computing o ~ § then takes the following form.

11



1. Compute the initial base B = By:
B = { (Xj,Xi[Xj]norm(X,')) 1< ¢ .<_] <n }

2. Iterate the refinement procedure B = B until it stabilizes:
Unmatched = 0;
repeat
B = B\ Unmatched;
Unmatched = §;
for each (X;, Xi[X]norm(x;)) € B do

if 31 < q <mj such that

V1<p<m; aj#aip or ojg 5 ip[Xjlnorm(x:)
or 11 < p < m; such that

V1<g<m; ajq#aip or ojy #s Uip[Xjnorm(x:)

then Unmatched = Unmatched U {(Xj,X,-[Xj]norm(X'.)) };
until Unmatched = §;

3. Return a =5 S.

Using Lemma 4.2(5), we see that the cost of the first phase is O(n®k). For the second
step, the outer loop may execute O(n?) times, as can the inner loop, and the body of this
looping construct consists of O(m?) calculations of relations of the form v =z é, where
length(y) < k (since the grammar is in k-GNF), and length(6) < nk (by Lemma 4.2(4)
and since the grammar is in k-GNF).

The cost of the algorithm is thus O(n*m?f(n,nk, (n + 1)k)), where f(n,q,!) is the cost of
computing v =g 6 given that there are n variables, each (X, ) € B satisfies length(y) < g,
and length(y6) < I. We are now ready to reveal the key to our polynomial algorithm, an
appropriate definition of =g which has a polynomial complexity.

Definition 4.3 Let V = { X;, X,,..., X, }.

A function g : V — V* is a decomposing function of order q if either g(X;) = X; or
9(Xi) = X;, X5, - X;, with1 <p<gqandi>j for each1 <r <p.

Such a g can be extended to the domain V* in the obvious fashion by g(¢) =€ and
9(Xa) = g(X)g(a).

We can then define g*(a) for o € V* to be the limit of g*() ast — oo, due to the restricted
form of g we know that it must be eventually idempotent, that is, that this limit must exist.

The notation g[X — ] denotes the function that agrees with g at all points in V except X,
where its value ts c.

Definition 4.4 For base B and decomposing function g, define a =% f by

12



o if g*(a) = g*(B) then the result is true.

o Otherwise let X; and X; (with ¢ < j) be the leftmost mismatching pair.

— If (X, Xiv) € B then the result is given by o E%[XjHX‘W] 8.

— Otherwise the result is false.

Finally, let =p = =g where Id is the identity function.

B

Lemma 4.5 =5 C , and ~ C =p whenever B is full.

Proof The first part is easily confirmed, since for any ¢ constructed by the algorithm
computing =g, X 2 g(X) for each X € V.

For the second part, suppose that o ~ 3 and at some point in our procedure for deciding
a = f we have that ¢*(a) # g*(8), and that we have only ever updated g with mappings
X +— v satisfying X ~ . Let X; and X; (with ¢ < j) be the leftmost mismatching pair.
Then we must have X; ~ X;« for some v, so by fullness, we must have that (X;, X;y) € B
for some v with X; ~ X;y. So we cannot terminate our procedure for deciding o =g 3
with a false result, as the procedure will update ¢ with this new semantically sound
mapping and continue. 0

Lemma 4.6 Given a decomposing function g of order q, there is an algorithm which
decides if g*(«) = g*(B) which runs in time O((nq)4 + (nq)%length(aﬂ))i for arbitrary
a,B € V*. If g*(«) # g*(B) then the algorithm reports the leftmost mismatching pair (as
required by Definition 4.4).

Proof See Appendix A. O

Computing o =5 B requires at most n calculations of ¢g*(a) = g*(8) for decomposing
functions over n variables of order nk, where length(af) = (n + 1)k. Adding this all up
gives us a complexity of O(n°k*) for computing o =g £.

Hence our algorithm for deciding bisimilarity of normed context-free processes runs in
time O(n'>m?k*), or in terms of the size |G| of the grammar (noting that |G| < nkm),

O(IG1").

5 Simple Context-Free Grammars

It is a corollary of our main result that language equivalence of simple context-free gram-
mars can be decided in polynomial time.

A simple grammar is a context free grammar in Greibach normal form such that for any
pair (X, a) consisting of a variable X and terminal a, there is at most one production of

13



the form X — aa. The equivalence problem for simple grammars was first considered
by Korenjak and Hopcroft [17], who presented a decision procedure with time complexity
O(n"), where n is the size of the grammar (i.e., the total length in symbols of all the
productions) and v is the shortest word generated by the grammar. The time complexity
was improved to O(n®v) by Caucal [3]. Since v is in general exponential in n, the above
decision procedures have, respectively, doubly exponential and singly exponential time
complexities.

To obtain a polynomial-time decision procedure we merely note that, in the case of simple
grammars, language equivalence and bisimulation equivalence coincide. All that needs to
be checked is that the relation of language equivalence on processes is a bisimulation.
(The reverse inclusion is automatic, since bisimulation equivalence is always a refinement
of language equivalence.) The key observation is that when a process defined by a simple
grammar undergoes a transition, the resulting process is uniquely determined by the
action that has been performed. Thus language equivalence of simple grammars may be
checked in polynomial time by the procedure presented in the previous section.

6 Conclusions

We have demonstrated a polynomial-time algorithm for deciding bisimilarity between
normed context-free processes. Previously, the best complexity bound, due to Huynh
and Tian [15], put the problem in X} = NP, Our approach is initially similar to their
proof of membership in Y. Our contribution is to show that the NP-oracle calls used
in their proof for comparing unique decompositions (ie, deciding g*(a) = g*(B)) can in
fact be replaced by calls to a polynomial-time subroutine. This enhancement allows us
to dispense with the inner (universal) quantification implicit in the X algorithm. The
outer (existential) quantification is dismissed by employing a deterministic procedure for
constructing the decomposition function g*.

The original motivation for the work presented here was to find an efficient deterministic
implementation of the problem. This aspect is explored in [11], where we explore an
optimised version of the algorithm underlying the co-NP algorithm. The algorithm runs in
time which is linearly bounded by the norm of the processes being compared, and although
this is potentially exponential in the size of the problem, it is still worth considering to be
efficient. Indeed, with the optimisations described in [11], it is reasonable to expect that
our polynomial-time algorithm may well be less efficient in practice than this exponential
algorithm.

Very recently the authors have also developed a polynomial-time algorithm to decide
bisimulation equivalence of an analogue of BPA (called BPP) in which commutative (par-
allel) composition replaces noncommutative (sequential) composition [10]. This result im-
proves considerably on the time complexity of decision procedures that can be extracted
from from the tableau systems of Christensen, Hirshfeld and Moller [4, 5].
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A Proof of Lemma 4.6

We start by reminding ourselves of the conditions of the lemma.

Let V={X),Xs....,.Xn }, and g: V-V
satisfy either ¢(X;) = X; or g(X;) = X;, X}, --- X;, with 1 <p < ¢ and ¢ > j, for each
r in the range 1 < r < p.

Extend the definition of g to the domain V* in the obvious fashion by g¢(¢) = ¢ and
9(Xa) = g(X)g(ar).
Finally define g*(a) for @ € V* to be the limit of ¢*(a) as ¢ — oo.

We shall begin by assuming that this function ¢ maps a single variable to at most two
variables. This is justified, as given ¢(X) = 1Y, -+ Y, with 2 < p < ¢, we can introduce
p — 2 < g new variables Wy, ..., W,_5 and redefine g by ¢(X) = Yi1W1, g(Wp—2) = Y1 Y},
and g(W,;_;) = Y;W, for 2 <i<p—2. Thus we need only introduce O(ng) auxiliary
variables, and this transformation does not change the value of ¢g*(a) for any o € V*.

In the sequel, let n denote the total number of variables after this reduction to what is
essentially Chomsky normal form, and let V refer to this extended set of variables. It
thus remains for us to demonstrate an algorithm for deciding if g*(«) = ¢*(8) for arbitrary

a,f € V* which runs in time O(n4 + nz(length(aﬂ))). Furthermore, in the case that

g*(a) # g*(B), the algorithm must return the leftmost pair (X;, X;) with ¢ > j at which
there is a mismatch.
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I a = g*(X) .

B=g(Y) 7=9(2)
First symbol of v, and 2th of «

Figure 2: A alignment of « that spans 8 and v

We say that the positive integer r is a period of the word o € V* if 1 < r < length(a),
and the symbol at position p in « is equal to the symbol at position p + r in «, for all p
in the range 1 < p < length(a) —r. Our argument will be easier to follow if the following
lemma is borne in mind; we state it in the form given by Knuth, Morris and Pratt [16,
Lemma 1].

Lemma A.1 Ifr and s are periods of « € V*, and r + s < length(«) + ged(r, s), then
ged(r, s) is a period of c.

Proof See [16, Lemma 1}; alternatively the lemma is easily proved from first principles.
[

For «, 8 € V*, we shall use the phrase alignment of o against § to refer to a particular
occurrence of « as a subword of 8. Note that if two alignments of o against 8 overlap, and
one alignment is obtained from the other by translating « through r positions, then r is
a period of a. Suppose X,Y,Z € V, and let a = ¢*(X), 8 = ¢*(Y), and v = ¢*(Z). Our
strategy is to determine, for all triples X, Y, and Z, the set of alignments of o against fv
that include the first symbol of v (see Figure 2). Such alignments, which we call spanning,
may be specified by giving the index ¢ of the symbol in « that is matched against the
first symbol in 4. It happens that the sequence of all indices : that correspond to valid
alignments forms an arithmetic progression. This fact opens the way to computing all
alignments by dynamic programming: first with X = X; and Y, Z ranging over V, then
with X = X, and Y, Z ranging over V, and so on.

Lemma A.2 Leta,§ € V* be words, and A be the set of all indices 1 such that there exists
an alignment of o against § in which the ith symbol in o ts matched to a distinguished
symbol in §. Then the elements of A form an arithmetic progression.

Proof Assume that there are at least three alignments, otherwise there is nothing to
prove. Consider the leftmost, next-to-leftmost, and rightmost possible alignments of «
against §. Suppose the next-to-leftmost alignment is obtained from the leftmost by trans-
lating « though r positions, and the rightmost from the next-to-leftmost by translating
o through s positions. Since r and s satisfy the condition of Lemma A.1, we know that
ged(r, s) is a period of «; indeed, since there are by definition no alignments between
the leftmost and next-to-leftmost, it must be the case that r = ged(r, s), i.e., that s is a
multiple of . Again by Lemma A.1, any alignment other than the three so far considered
must also have the property that its offset from the next-to-leftmost is a multiple of r.
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Figure 3: Trapping an alignment

Thus the set of all alignments of « against § can be obtained by stepping from the leftmost
to the rightmost in steps of r.

This completes the proof, but it is worth observing for future reference, that in the case
that there are at least three alignments of « against é containing the distinguished symbol,
then o must be periodic, i.e., expressible in the form o« = pfo, where £ > 2 and ¢ is a
(possibly empty) strict initial segment of p. O

In the course of applying the dynamic programming technique to the problem at hand, it
is necessary to consider not only spanning alignments of the form illustrated in Figure 2,
but also inclusive alignments: those in which o = ¢*(X) appears as a subword of a single
word 8 = g*(Y). Fortunately, alignments of this kind are easy to deduce, once we have
computed the spanning alignments.

Lemma A.3 Suppose spanning alignments of « = ¢*(X) against v = ¢*(Z) and v =
9*(Z') have been pre-computed for a particular X and all Z,7Z' € V. Then it is possible,
in polynomial time, to compute, for any Y and any distinguished position p in 8 = g*(Y),
all alignments of o against  that include p.

Proof Consider the sequence
{0} {ed), ()}, {g(i®), (@), (v },

of partitions of 3 = ¢g*(Y'), obtained by the following procedure. Initially, set Yi(o) =Y.
Then, for ¢ > 1, suppose that g*(Yj(’—l)) is the block of the (¢ — 1)th partition that
contains the distinguished position p, and let Z = Y;-(z_l) be the symbol generating that
block. Let the ¢th partition be obtained from the (¢ —1)th by splitting that block into two
— ¢*(Z') and ¢*(Z") — where g(Z) = Z'Z". The procedure terminates when ¢(Z) = Z,
a condition which is bound to hold within at most n steps. Observe that, aside from in the
trivial case when length(a) = 1, any alignment of « containing position p will be at some

stage “trapped,” so that the particular occurrence of the subword « in 3 is contained in
g*(Y;-(l))g* (Y;(;)l), but not in g*(Y}(i)) or g*( j(-:-)l) separately (see Figure 3).

For each such situation, we may compute the alignments that contain position p. (By
Lemma A.2, these form an arithmetic progression.) Each alignment of a that includes p
is trapped at least once by the partition refinement procedure. The required result is the
union of at most n arithmetic progressions, one for each step of the refinement procedure.
Lemma A.2 guarantees that the union of these arithmetic progressions will itself be an
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{ | @= g*(X) }
i

B=g*Y) | —t— ET T |y =g"(2)
:g*(X/I)

CY' — g*(XI) p aII
Figure 4: Dynamic programming: inductive step

Figure 5: Dynamic programming: the leftmost alignment

arithmetic progression. Thus the result may easily be computed in time O(n) by keeping
track of the leftmost, next-to-leftmost, and rightmost points. a

The necessary machinery is now in place, and it only remains to show how spanning
alignments of the form depicted in Figure 2 may be computed by dynamic programming,

first for X = X, then X = X3, and so on, up to X = X,,.

If g(X) = X, the task is trivial, so suppose g(X) = X'X"”. The function g induces a
natural partition of & = ¢g*(X) into o' = ¢*(X’) and o = ¢*(X"); suppose it is o that
includes p, the first symbol in v (see Figure 4.) We need to discover the valid alignments
of o against 3, and conjoin these with the spanning alignments — that we assume have
already been computed — of o against # and ~.

Consider the leftmost valid alignment of o’ and let p’ be the position immediately to the

left of o (see Figure 5). We distinguish two kinds of alignments for a = o’a”.

CASE I. The alignment of o/ against S includes position p’. These alignments can
be viewed as conjunctions of spanning alignments of o (which are precomputed) with
inclusive alignments of o« (which can be computed on demand using Lemma A.3). The
valid alignments in this case are thus an intersection of two arithmetic progressions, which
is again an arithmetic progression.

CASE II. The alignment of o/ against fv does not includes position p/, i.e., lies entirely
to the right of p’. If there are just one or two spanning alignments of o' against 3 and ~,
then we simply check exhaustively, using Lemma A.3, which, if any, extend to alignments
of a against Bv. Otherwise, we know that o” has the form g*c with & > 2, and o a
strict initial segment of p; choose p to minimise length(p). A match of o/ will extend to
a match of o only if o/ = ¢’9™, where ¢’ is a strict final segment of p. (Informally, o' is
a smooth continuation of the periodic word o” to the left. Thus either every alignment
of o’ extends to one of a = o’a”, or none does, and it is easy to determine which is the

case. As in Case I, the result is an arithmetic progression.

The above arguments were all for the situation in which it is the word o that contains p;
the other situation is covered by two symmetric cases — Case I’ and Case II' — which are

¢
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as above, but with the roles of o/ and o reversed. To complete the inductive step of the
dynamic programming algorithm, it is only necessary to take the union of the arithmetic
progressions furnished by Cases 1, II, I, and II: this is straightforward, as the result is
known to be an arithmetic progression by Lemma A.2.

At the completion of the dynamic programming procedure, we have gained enough infor-
mation to check arbitrary alignments, both spanning and inclusive, in polynomial time.
From there it is a short step to the promised result.

Proposition A.4 There is a polynomial-time algorithm for deciding ¢*(«) = ¢*(B) for
arbitrary «, B € V*. In the case that g*(«) # ¢*(B), the algorithm returns the leftmost
position at which there is a mismatch.

Proof Let 8 =Y;Y,...Y,. Apply the partition refinement procedure used in the proof
of Lemma A.3 to the word « to obtain a word ¢ = X;X,...X, with the property that
each putative alignment of ¢g*(X;) against the corresponding ¢*(Y;) or ¢*(Y;) g*(Yj41) is
either inclusive or spanning. This step extends the length of o by at most an additive
term length(B)n. Now test each X; either directly, using the precomputed spanning
alignments, or indirectly, using Lemma A.3.

In the case that g*(a) # g*(8), determine the leftmost symbol X; such that ¢*(X;) contains
a mismatch. If ¢(X;) = X; we are done. Otherwise, let ¢*(X;) = ZZ', and test whether
g*(Z) contains a mismatch: if it does, recursively determine the leftmost mismatch in
g*(Z); otherwise determine the leftmost mismatch in ¢*(Z’).

During the dynamic programming phase, there are O(n®) subresults to be computed (one
for each triple X,Y, Z € V), each requiring time O(n); thus the time-complexity of this
phase is O(n*). Refining the input « to obtain o/, and checking alignments of individual

symbols of o takes further time O<n2(length(aﬁ))). The overall time complexity of a
naive implementation is therefore O(n4 + n%length(aﬂ))). o
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