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Abstract 

In an experimental investigation the variation of the bending strength within and between 
structural timber members has been determined. The following procedure was used: The 
timber members were cut into pieces, each containing one weak zone, i.e. a cluster of 
knots. Test specimens were manufactured by finger jointing these pieces together with 
timber of high strength at each end. The specimens were tested in standard four point 
loading, with the weak zones in the middle of the span.. 

To model the variation of the bending strength a so-called hierarchical model with two 
levels has been formulated. This is the simplest type of probabilistic model to be used for 
describing equicorrelation between the bending strength values of the weak zones within 
the same timber member. Evaluating the test results, the model had to be extended, due to 
failure in the finger joints in a number of tests. The experimental data seem to be reason
able well represented by the formulated model. 

Background 

Compared to other structural materials, structural timber is characterized by a rather large 
variation of the strength properties. In traditional design of structural timber in bending it 
is assumed that the load-carrying capacity is constant along the member and equal to the 
strength of its weakest part. A more accurate design based on a probabilistic method gives 
new possibilities to utilize the timber in a more economic way. To do this it is necessary 
to have knowledge about the strength variation both within and between the timber 
members. 

It is complicated to experimentally determine the bending strength variation within a 
timber member since bending failure is often accompanied by fissures propagating along 
the member. Consequently it is difficult to obtain separate bending failures close to each 
other without having any mutual influence on the load-carrying capacity from the failures. 

Purpose 

The purpose of this investigation was to experimentally determine the bending strength 
variation within and between timber members and to present a model that describes this 
variation. 

Test method 

Structural timber in Sweden is produced from the two species spruce (Picea abies) and pine 
(Pinus silvestris). In both species the branches grow in a rather regular pattern character
ized by the branches forming whorls along the stem. Between these groups of branches, 
smaller branches exist, but these knots do not affect strength significantly. 

It is reasonable to assume that the variation of the bending strength within structural 
timber members to a large extent is connected to the occurrence of the knots along the 
members. The main idea in this project was to test the members at each knot group 
separately. For that reason the timber members should be cut into short pieces each of 
them containing one knot cluster. Each of these small test pieces should then be fmger 
jointed together with pieces of timber without defects, thus forming a specimen containing 
one knot group (weak zone) in the centre. See Figure 1. By this procedure it would be 
possible to obtain test specimens that could be tested in the normal way. One parameter 
that possibly could have an influence on the strength variation within the planks was the 



distance between the knot groups. Consequently it was decided that this parameter should 
be studied carefully. 

Figure 1. Example of how timber members were cut into pieces and finger jointed 
with pieces of timber of high strength at the ends. 

The purpose of the first phase of the project was to investigate the properties of structural 
timber from a limited geographical area and to see i f the variation of the bending strength 
values could be explained by the statistical method presented below. In connection with 
the description of the models a weak zone is idealized to be concentrated as a point. Thus 
the terminology "weak zone" is replaced by "weak cross-section". 

Hierarchical probabilistic model of weak cross-section strengths 

Reported results show indications of equicorrelation (i.e., constant correlation independent 
of separation) between the bending strengths of the weak cross-sections within the same 
beam, Riberholt and Madsen (1979), Williamson (1994). The simplest type of probabilistic 
model with this property is the so-called hierarchical model with two levels. This model 
is as follows. 

For a given beam with k identified weak cross-sections it is assumed that the bending 
strengths of the k cross-sections are 

X + Y i , . . . , X + Y , (1) 

where Yi,.. . ,Yj. are mutually independent random variables of zero mean and standard 
deviation ay. The variable X is a random variable over the population of beams. I f the 
variables Y,,...,Yk are assumed to be independent of X, the variance of the bending 
strength of a weak cross-section is 

Var[X+YJ = Var[X] + Var[YJ = Ox + Oy (2) 

The covariance between the strengths of two weak cross-sections in the same beam is 



Cov[X+Yj,X+Yj] = Var[X] = Ox 

such that the correlation coefficient becomes 

(3) 

p[X+Y.,X + Y.] 
2 

Ox 
2 2 

Ox + Oy 

(4) 

Thus the correlation coefficient is independent of i and j for i ;t j < k , that is, the 
correlation is independent of the distance between the two weak cross-sections. Moreover, 
i f it is assumed that the distributions of X and Y are independent of k > 1, it follows 
that the model is an equicorrelation model. 

The experimental data presented in this paper seem to be reasonably well represented 
by the formulated hierarchical model with two levels and with both X and Y being 
normally distributed. However, to reach this provisional conclusion requires a more 
extended model for the statistical analysis of the data. This is because the observed failures 
are not all failures of the weak cross-section. In fact 42% of the failures occurred in one 
of the two splices including 1% in the shafts, 24% were of mixed type, whereas only 34% 
were failures of the weak cross-section. However, it is important not to exclude any of the 
test results because a load giving failure in the splice is an observed lower bound of the 
load that would give failure of the weak cross-section had the splices been much stronger. 

Model for statistical data analysis 

I f the hierarchical model is adopted also for the splice strengths, the bending strength of 
a test piece becomes the random variable 

Z = X+min{Y, 8 ,̂82} (5) 

where X and Y are defined as in the previous section (considering a specific test piece 
with a single weak cross-section) and where Sj, 83 are the random strengths of the two 
splices on either side of the weak cross-section. These two splice strengths are assumed 
to be mutually independent and independent of X and Y. Whereas Y is assumed to 
have a normal distribution of zero mean and standard deviation Gy , the splice strengths 
8 1 , 8 2 are assumed both to have the normal distribution of mean and standard 
deviation a .̂ For Z defined by (5) to be the strength of the test piece it is assumed that 
the test is made such that the applied bending moment is constant over the three cross-
sections. Then for a given (unknown) value Xj of X and parameters \x^, c^, Cy the 
distribution function of Z becomes 

z-x. 

0, 

z-x,- \2 
(6) 

i = 1, 2 , N , where N (= 26) is the number of beams from which the test pieces are cut, 
and (I)() is the standardized normal distribution function. Maximum likelihood estimation 
can then be applied to obtain estimates of \^ , x^. Ms» <̂ s' on the basis of the total 
data set. Besides the measured failure loads the information about the failure type is 
available. I f r is the fraction of failures that are judged to be failure of the weak cross-
section, p can be taken as an estimate of the probability 
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in which a = Cy/c^, b = |Js/as and (p( ) is the standardized normal density function. 
Thus the equation 

j (p(x)^>(b-ax)^dx = p (8) 

determines b = b(p,a) as a function of p and a, that is, |Js = b(p, G Y /a^) can be 
eliminated from the maximum likelihood estimation. Details of the estimation procedure 
are given in Appendix 1. 

The estimates x, , x ^ , are interpreted as a sample of the random variable X. It turns 
out that X can be reasonably well modelled as a normally distributed random variable 
with mean Hx standard deviation estimated from the sample x,, x^. Figure 
5. 

Probabilistic model for beam 

The physical model for the beam strength is based on the same assumption as in Riberholt 
and Madsen (1979), namely that failure can occur only at a finite number of points along 
the beam. These points are called weak cross-sections. Thus a beam without weak cross-
sections are formally assigned an infinite strength. From the hierarchical model for the 
weak cross-section strength it follows that the distribution function of the bending strength 
S of a beam subjected to a constant bending moment along the entire length and contai
ning k > 0 weak cross-sections is, Figure 10, 

Fs(z|k) = P(X+min{Yi,...,Y^} ^ z) = — f 1-0 (9) 

Since Fs(zb) = 0 this formula is also valid for k = 0. Assuming next that K is a 
random variable with k G {0, 1, 2, ...} as outcome with probability p ,̂ the distribution 
function of S becomes 

k=0 ^ X -co 

f J. \K (10) 

in which the expectation 

/ J 
k=0 

?-z 
a, 

Pk 
( I I ) 

can be expressed by the so-called probability generating function 



i|f(x) = E[x*^] (12) 

of the integer random variable K. This function has the property that Xj/̂ ^O) = k!p,̂ . For 
K having a Poisson distribution with parameter XL the probability generating function 
is 

in which case (10) becomes 

(13) 

°° r 
Fg(z) = 1--!- fexp - A L $ (14) 

In the limit —> 0 this expression gives 

1- exp ^ -̂̂ ^x]] (15) 

which, in fact, corresponds to the model of Riberholt and Madsen (1979) with 
0[(z-fix)/c^YJ being the distribution function of the weak cross-section strength. It is seen 
that Fs(z) 1 - exp[->, L] < 1 as z ^ oo. This limit is the probability that the beam 
contains no weak cross-sections. Thus it is seen that the model considered herein is a 
generalization of the Riberholt and Madsen model to include equicorrelation between weak 
cross-section strengths simply by having > 0 giving (14). 

I f also the Poisson assumption about K is changed to any other assumption, the dis
tribution function of S is given by (10), which by use of the probability generating 
function of K reads, (11), 

Fs(z) = 1- -1 / i j ; 
°x L öv 

(16) 

More generally the hierarchical model together with specifications of the point process of 
weak cross-section positions along the beam can be used to obtain the distribution function 
of the beam strength under any configuration of the loading by analytical or numerical 
methods. However, it is outside the scope of this paper to go further on this topic. 

Correlation 

As it follows from the above derivation with the hierarchical model, correlation can show 
up as a simple mathematical consequence of the structure of the model. Equicorrelation is 
obtained for a hierarchical model with two levels. For hierarchical models of n levels, n-1 
different correlation coefficients ^ 1 are obtained. Thus it is reasonable to try to explain 
observed correlation properties by a suitable model formulation based on physical and 
geometrical arguments. Correlation decay by distance along a timber beam can be expected 
for quantities that result from gradual property mixing taking place along the beam. 
Czmoch et al (1991) argue that such a correlation decay is likely. However, it can be 
questioned whether there are decisive biological mixing processes that dominate over the 



yearly variation of properties taking place more or less uniformly over the entire timber 
producing height of the tree. Rather it seems closer to the biological reality to adopt the 
idealization of the hierarchical model. At least the hierarchical model gives an easily 
understandable explanation of the correlation. Moreover, it removes the misconception that 
estimation of correlation requires long beams with a great number of weak cross-sections, 
Czmoch et al (1991). As for the strengths, the distances between the weak cross-sections 
can be analyzed by a model of similar type as a hierarchical model with 2 levels. Given 
the beam, the weak cross-sections may be described by some reasonable point process 
defined by some parameter X {= mean number of points per length unit, say) or possibly 
by more parameters. For this point process of the given beam the consecutive distances can 
be modeled to be mutually independent. Per definition this is the case for the Poisson point 
process, for example. However, by considering X to be a random variable over the 
population of beams, equicorrelation is generated between the consecutive distances. Then 
the point process is no more a Poisson process. The process may be stationary but it is no 
longer ergodic, that is, it obviously does not mix the parameter X along the beam. It is 
another misconception that stationarity of the point process gives rise to a correlation of 
zero at large distances, Williamson (1994). 

Other point processes than the Poisson process may be more reasonable candidates as 
models for the position of weak cross-sections. Given the beam, the weak cross-sections 
may rather be close to be equidistantly placed (admitting some dispersion of the distances) 
than being exponentially distributed with preference of small distances. A knot cluster 
occurrence model of this equidistant type is described in Ditlevsen (1981). 

An analysis of the geometrical measurements made in connection with the experiments 
analyzed herein is expected to provide a sufficient basis for supporting a reasonably simple 
hierarchical model for the positions of the weak cross-sections. This analysis has not been 
made yet. 

Selection of planks 

The wood material for this investigation was harvested in a forest west of lake Vänern in 
Sweden. The growth conditions for softwoods in this region can be characterized as some
what better than normal in Sweden. 93 trees of spruce (Picea abies) were cut in an area 
of about 10 000 m l One selection criterion was that at least two logs, 4 800 mm long, 
could be cut from each tree. 

The logs were sawn into planks with the dimension 50 mm x 125 mm. The minimum 
requirement was that at least two planks could be sawn from each log. The saw cuts are 
shown in Figure 2. After drying in a chamber kiln the planks were planed to their final 
dimension 45 mm x 120 mm. 

The planks were transported to the Swedish Institute for Wood Technology Research 
and cut to their flnal length 4 700 mm. After that they were placed in a conditioning room 
with the climate 20 °C and 65 % relative humidity. The total number of planks that arrived 
to the Institute was more than 500. Al l planks were graded visually with respect to appear
ance and strength according to the Swedish rules. 
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Figure 2. The saw cuts in the logs. 

In this first phase of the project, it was decided that only planks sawn from the second log 
(number 2 from the ground level) and closest to the pith should be selected. 8ince we 
wanted to study the influence of the knot cluster frequency on the bending strength, all the 
planks were sorted into groups according to number of weak zones. The number of weak 
zones was always determined considering all the planks belonging to the same log placed 
next to each other. This meant that in some cases there were only small knots or grain 
deviations due to knots in the neighbour plank. The result of a preliminary sorting of this 
kind is shown in Figure 3, presenting a histogram for the number of weak zones in the 
planks that could be tested separately. Based on this we selected planks randomly from 
each group. The total number of planks selected for the tests was 26. Our intention was 
to achieve about the same number of strength values from each group. Thus more planks 
should be taken from the groups with a few number of weak zones. It must be pointed out 
that it was sometimes difficult to judge whether there was a weak zone or not, especially 
in the case of slow-grown timber. 

O 
c 
0) D 
cr 

30 

20 

10 

0 

5 6 7 8 9 10 11 

Number of weak zones 

Figure 3. Histogram for the number of weak zones in the planks. The sample con
sists of 88 planks from the second log. 

Determination of material parameters 

Prior to cutting the planks into pieces a lot of data concerning the material was collected: 
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Edgewise modulus of elasticity: The planks were subjected to a constant moment 
and the modulus of ehusticity was determined by using a movable device for 
measurement of detlection within a gauge length of 900 mm at every lOth mm 
along the planks. 

Flatwise modulus of elasticity: A Cook-Bolinder stress grading machine was used. 
E-values for every lOth mm along the planks were recorded. 

Geometry of the planks and their "defects": A manual detection station equipped 
with an automatic transmission of data to a computer was used. All types of 
visible "defects" as knots, fissures etc were recorded. 

Local slope of grain: A slope of grain indicaU)r from Metriguard (Model 510) was 
used. The slope of grain was measured on all four sides of the planks in a 10 mm 
grid. 

When the planks were cut inU) pieces, the root end of each piece was phoU)graphed so that 
the position of the pith and the rate of growth could be determined. 

Manufacturing of test specimens 

In order to prevent, or at least U) minimize the risk of failure at the finger joints, and in 
order to have full control over the manufacturing process, all the finger joints were 
manufactured at the Institute. The structural timber u.sed for the end members was Swedish 
pine of high density and with very small knots. In order to achieve an effective curing of 
the outer parts of the finger joints, preheated steel plates were pressed on the edges of the 
timber. 

Test procedure 

The specimens were tested in bending according to the procedure given in ISO standard 
8375. This means that the test specimens were loaded in bending at two points dividing 
the length into thirds over a span of 18 times the nominal depth. See Figure 4. Since the 
specimens only partly con.sisted of timber from the original planks, it was decided just to 
record the dellection of the centre relatively to the supports. 

Test specimens cut from the same plank were tested with the same edge in tension. The 
tension side was cho.sen randomly. 

1̂  

^ 6x120 J. 6x120 y 6 x 1 2 0 

Section A - A 

120 

Figure 4. Principal test setup. All units in mm. 



Results 

A summary of the results from the bending tests are presented in Appendix 2. The 
maximum loads that are given in the appendix are the total applied force F on each of the 
test specimens. See Figure 4. The load values are presented from the left to the right in the 
order of increasing distance from the root end of the planks. Three main types of failures 
were identified during the tests, namely: 

B Bending failure in the centre part between the finger joints 
F Failure in one of the finger joints 
S Failure in one of the end parts outside the finger joints 

Also a combined type of failure BF could be seen which normally started as a fissure in 
the vicinity of a knot and propagated to one of the finger joints where it caused a failure 
in the finger joint. The failure types are given in connection to the maximum loads for 
each of the test specimens. The bending strength of the test specimens can easily be 
obtained by multiplying the maximum loads by 10/3. The lowest bending strength found 
in the tests was 21.0 N/mm^ and the highest one was 66.8 N/mni". 

To give some idea of the quality of the structural timber the results from two ways of 
grading of the planks are also given in the appendix. An appearance grading according to 
the "Guiding principles for grading of Swedish sawn timber" gave the qualities shown in 
the second column. A visual strength grading according to the Swedish so-called T-rules 
resulted in the strength classes shown in the third column. Each of the strength classes are 
designated by a number indicating the value of the characteristic bending strength in 
N /mml 

Analysis of results 

The estimates of the parameters [i^, c^, Gy and the estimated sample x X 2 6 of 
outcomes of X obtained by the maximum likelihood estimation procedure based on (6) 
and (8), and explained in more detail in Appendix 1, are shown in Table 1. Table 1 also 
shows the corresponding estimates of the mean Hx and the standard deviation ax-
Moreover, Table 1 shows the estimate of the equicorrelation coefficients calculated from 
(4). Three sets of estimates are given corresponding to the values 0.35, 0.46, and 0.58 of 
p on the right side of (8). The probability p of bending failure of the weak cross-section 
is estimated to be 0.35 if only the type B failure is counted whereas this probability is 
estimated to be 0.58 i f both type B and type BF are counted. It is seen that this 
uncertainty on the value of p has relatively small influence on the estimates of the 
parameters except on |is that plays no role for the beam strength model. It is interesting 
that the estimated values of the equicorrelation coefficient are quite close to the value p 
= 0.58 estimated by Williamson (1994). 

Figure 5 shows the empirical distribution function of the estimated sample of X 
plotted on normal probability paper (with the abscissa of the estimated value being ^„ = 
(x„-p„)/ax and the ordinate being r|„ = (n-i-l)/(N-i-2) corresponding to the ordered sample 
X , < x, < ... < Xf^ (N = 26)) for p = 0.35 and 0.58. Furthermore a confidence region of a 
probability of order of size of 95% of having all sample points inside the region is 

indicated by upper and lower bound curves defined byr[ = O ' ± 1.36/\/N~]. These 
curves correspond to the nonparametric Kolmogorov-Smimov 95% confidence bounds 

10 



Table 1. Estimated parameters of the hierarchical load-carrying capacity model. 
The unit corresponds to the load in the test arrangement. Values are 
listed in increasing order. The ordering is made according to values for 
p=0.35. indicates that the ordering is not valid for p=0.46 or p=0.58. 

Plank 
No. 

Ordered 
sample 

p = 0.35 p = 0.46 p = 0.58 

1322 
4021 
6022 
4122 
2021 
7021 
2721 
8922 
5521 
8122 
3622 
0622 
7322 
1822 
5621 
5222 
4722 
0822 
6121 
1512 
1421 
5021 
1221 
8622 
3322 
4922 

•10 

A,2 

Xi3 

X | 4 

Xi5 

X,7 

^18 

Xi9 

20 X 

X21 

^23 

^24 

^25 

^26 

11.05 
11.13 
12.85 
13.46 
13.91 
14.34 
14.69 
14.96 
15.00 
15.04 
15.35 
15.59 
15.59 
15.94 
16.15 
16.64 
16.64 
16.72 
17.50 
17.62 
17.64 
17.69 
17.93 
17.95 
18.81 
19.49 

10.55 
10.66 
12.44 
12.97 
13.44 
13.95 
14.26 
14.61 

* 14.59 
*14.59 
14.90 
15.12 
15.21 
15.47 
15.70 
16.17 
16.21 
16.27 
17.09 
17.15 
17.23 
17.46 
17.46 
17.48 
18.36 
19.06 

10.16 
10.23 
12.05 
12.58 
13.09 
13.57 
13.89 
14.18 
14.20 
14.20 
14.51 
14.73 
14.82 
15.16 
15.39 
15.78 
15.82 

•15.78 
16.70 
16.76 
16.84 
17.07 

*17.03 
•17.03 
18.01 
18.67 

unit: 

kN 
ay 

0.27 
2.34 
1.85 

15.76 
2.11 

1.00 
2.29 
1.92 

15.33 
2.12 

1.82 
2.30 
1.90 

14.93 
2.11 

P = 

1 

0.57 0.55 0.55 

11 



valid asymptotically as N ^ oo. (Strictly considered, these bounds are somewhat too wide 
because the two parameters jUx and a x have been estimated from the data causing the 
deviation from the theoretical distribution function r\ = cl)''[0(^)] = ^ to be minimized 
in some sense). Al l things considered, it cannot be claimed that the data provides evidence 
in conflict with the hypothesis that the distribution of X can be modelled as the normal 
distribution. 

0.0 H 

-3 - 2 - 1 0 1 
f = ( x - M ) / a 

2 - 3 - 2 - 1 0 1 
f = ( x - M )/G 

Figure 5. Empirical distribution function of two samples of N = 26 maximum 
likelihood estimates of X obtained for two different values of the 
relative frequency p of the occurrence of type B failure. The left figure 
is a plot on normal probability paper. The indicated confidence band 
corresponds approximately to the 95% level. 

Figure 6 shows the scatter plots of (K,X), (K,A), and (X,A) where A = {Z-X)l<5y = 
min{Y, Si, S2}/aY. No evident mutual dependency between K and X, between K and 
A, and between X and A is revealed. This supports the applicability of the hierarchical 
model. 

Figure 7 shows the empirical distribution function corresponding to the 197 data points 
that represent outcomes of A together with the theoretical distribution function, see (6), 

F.(x;p,a) = l-^)(-x)$[-ax+b(p,atf (17) 

The fits appear to be quite satisfactory. Figure 8 shows blow-ups of different parts of 
Figure 7 enabling one to distinguish the type of failure represented by each point by a 
particular symbol. It is seen that there is a mixing of the failure types all along the curve. 
Subjectively considered this mixing supports the suggested hierarchical model leading to 
the distribution function (6). It is in principle possible on the basis of the model to 
construct a statistical test that considers the observed succession of the different types of 
failures along the curve. Such a test of the model has not been performed in this in
vestigation. 

12 
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Figure 6. Scatter plot of 26 observations of (K,X), 197 observations of (K,A) 
where A = {Z-X)/Gy, and 197 observations of (X,A). None of the 
scatter plots show indications of significant mutual dependency. 

F . (X ; p.a ) 't' ( F , ( x ; p , a ) ) 

p=0.35 
p=0.35 

p=0.58 p=0.58 

Figure 7. Empirical and fitted disu-ibution function (17) of the reduced variate A 
= {Z-X)/GY for two different values of the relative frequency p of the 
occurrence of type B failure. 
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Figure 8. Blow-ups of Figure 6 for p = 0.58. 
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Figure 9 shows the empirical distribution function of the raw failure load data together 
with the theoretical distribution function of Z = X + min{ Y, Sj, S2} used in the parameter 
estimation. This distribution function is, see (6), 

00 

1 $ {I-A 
0 . a. 

(18) 

Moreover, the derived normal distribution function of the weak cross-section strength 

P(X+Y^z) = $ z-
2 2 

Gx + ay 

(19) 

is shown in Figure 9. 

10 15 20 25 

Figure 9. Empirical distribution function for the raw load-carrying capacity data of 
197 test specimens plotted together with the estimated distribution 
function (18) obtained from the hierarchical model. The lower curve 
corresponds to the normal distribution (19) that according to the model 
would have been obtained i f all experiments gave failure of type B. 

Finally, Figure 10 shows the distribution function Fs(z k) given by (9) for k = 1, 2, 4, 
8. The effect of the number of weak cross-sections is clearly illustrated. 

Experiments with full beams from the same populations and with given number k of 
weak cross-sections will show whether the predicted distribution functions are fitting reaso
nably well. Such experiments are not made at present, but the needed sample of beams are 
kept in stock. 

Having confirmed the general validity of the hierarchical model a sufficiently large 
sample of joint geometric and carrying capacity information on ful l beams can be used 
directly to obtain maximum likelihood estimates of the parameters | J x » C7x' ^nd ay. 
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F ( z | k 

10 15 20 25 O 10 15 20 25 

Figure 10. Distribution function (19) for strength of beams under constant bending 
moment and with k weak cross-sections. The unit of z corresponds to 
the force unit of the load in the test arrangement. 

Conclusions 

There are indications that equicorrelation exists between the bending strength values of the 
weak zones within the same piece of structural timber. The simplest type of probabilistic 
model with this property is the so-called hierarchical model with two levels which is used 
in this investigation. 

At the evaluation of the test results the model had to be extended due to many failures 
in the finger joints. The experimental data seem to be reasonably well represented by this 
extended model. 

Experiments with structural timber of full length from the same population should be 
performed for further verification of the hierarchical model. 
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Appendix 1: Maximum likelihood estimation 

The probability density function corresponding to the distribution function (6) is 

^x.-z^ 

2 ^ — ^ 
^x.-z^ 

a, 

^x.-z + ̂ s^ 

CD 

rx.-z+^s 

rx.-z+iis 
(20) 

with Us = b(p, Cy/a^) obtained by solving (8) with respect to b for given a = 0^/0^. 
The maximum likelihood estimates of the parameters x,,..., x̂ , and GS, Cy given 

p = # B-failures / # experiments are then obtained by maximizing 

i=l 

(21) 

under the constraint 

(22) 
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Appendix 2: Experimental data 

Plank Quality Su êngtli Number of Maximum load in kN 
No. class weak zones Type of failure 

0622 5 K15 6 15.25 
F 

12.65 
F 

14.92 
F 

13.76 
B F 

15.01 
F 

12.29 
F 

1322 5 K15 6 11.00 
B 

7.83 
B 

7.15 
B 

8.26 
B 

11.34 
B 

10.63 
B F 

1512 3 K30 6 15.98 
F 

14.86 
F 

17.38 
F 

15.37 
F 

13.13 
S 

18.65 
F 

5021 4 K18 6 16.15 
BF 

16.25 
BF 

17.47 
F 

15.69 
B 

13.48 
B 

18.39 
F 

8922 5 K15 6 13.78 
F 

13.63 
F 

14.06 
B 

11.64 
B 

14.50 
F 

12.93 
B 

1421 3 K30 7 17.30 
F 

17.53 
F 

15.92 
F 

16.56 
F 

15.90 
F 

15.54 
F 

13.61 
F 

2721 4 K24 7 11.62 
B 

10.43 
BF 

11.74 
BF 

14.40 
B 

14.92 
F 

14.34 
F 

13.84 
BF 

3322 4 K30 7 18.93 
B 

17.06 
F 

16.10 
B F 

17.08 
F 

16.97 
F 

16.68 
F 

18.16 
F 

3622 5 K12 7 13.52 
F 

10.93 
F 

15.92 
F 

12.07 
F 

12.92 
F 

15.14 
F 

15.03 
F 

4021 6 K12 7 8.92 
B 

9.33 
B 

6.30 
B 

7.76 
B 

10.72 
B 

11.72 
B 

11.01 
B 

4722 6 K12 7 11.91 
S 

16.76 
F 

15.55 
F 

13.75 
F 

17.05 
F 

13.46 
B F 

15.97 
F 

4922 4 K24 7 18.22 
B 

17.18 
BF 

17.63 
F 

17.90 
F 

20.05 
F 

15.83 
B F 

18.72 
B 

5621 5 K15 7 12.44 
BF 

12.26 
B 

14.51 
BF 

14.14 
F 

16.38 
BF 

16.30 
B F 

15.34 
B 

6121 4 K24 7 14.46 
BF 

15.77 
B 

17.25 
F 

14.31 
BF 

15.39 
F 

16.89 
F 

17.41 
F 

1221 4 K18 8 18.11 
F 

15.32 
BF 

15.37 
F 

16.45 
F 

15.40 
F 

15.68 
F 

17.53 
F 

17.03 
BF 

4122 5 K18 8 9.34 
B 

8.57 
B 

10.84 
B 

12.00 
B 

13.03 
B 

14.14 
B F 

13.33 
B 

12.49 
B 

5222 5 K15 8 15.49 
BF 

14.61 
B 

14.20 
B F 

12.36 
BF 

14.68 
F 

15.60 
B F 

16.45 
F 

17.11 
BF 

7021 6 K12 8 12.48 
B 

13.27 
B 

10.79 
B 

12.53 
B 

14.63 
F 

13.69 
F 

12.32 
B 

12.82 
F 

8122 4 K24 8 11.29 
B 

12.82 
F 

11.94 
BF 

13.13 
B 

12.01 
B 

14.11 
B 

12.47 
B F 

18.34 
BF 

8622 3 K24 8 11.27 
B 

16.43 
F 

17.98 
F 

17.56 
F 

15.36 
F 

18.28 
F 

16.42 
B 

15.89 
BF 

0822 5 K15 9 17.48 
B 

12.29 
B 

13.13 
BF 

15..52 
B 

16.48 
B 

12.24 
BF 

16.90 
F 

17.89 
F 
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Plank Quality Strength Number of Maximum load in kN 
No. class weak zones Type of failure 

2021 4 K15 9 10.53 11.63 11.59 13.02 13.91 13.52 12.85 14.13 9.49 
F B F F B B F B F B 

5521 6 K12 9 12.80 12.51 14.33 13.43 12.57 16.50 14.60 13.60 9.71 
B B B F B F B F F BF B 

7322 6 K12 9 14.37 14.75 14.54 12.82 14.22 13.93 15.75 12.69 13.77 
B F B F B F F B F BF F B F 

1822 5 K15 10 14.02 16.03 17.85 12.22 13.18 15.53 13.40 14.04 13.78 13.17 
B B F B F B BF B F B B F B 

6022 6 K12 10 9.43 9.45 9.08 11.91 9.77 10.51 14.58 11.69 14.97 9.68 
BF BF F B B B F B B F B 
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